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Abstract 

We develop geometric superspace settings to construct arbitrary higher 
derivative couplings (including R n terms) in three-dimensional supergravity 
theories with JV < 3 by realising them as conformal supergravity coupled to 
certain compensators. For all known off-shell supergravity formulations, we 
construct supersymmetric invariants with up to and including four derivatives. 
As a warming-up exercise, we first give a new and completely geometric deriva¬ 
tion of such invariants in JV = 1 supergravity. Upon reduction to components, 
they agree with those given in arXiv:0907.4658 and arXiv: 1005.3952. We then 
carry out a similar construction in the case of JV = 2 supergravity for which 
there exist two minimal formulations that differ by the choice of compensating 
multiplet: (i) a chiral scalar multipet; (ii) a vector multiplet. For these for¬ 
mulations all four derivative invariants are constructed in completely general 
and gauge independent form. For a general supergravity model (in the JV = 1 
and minimal JV = 2 cases) with curvature-squared and lower order terms, we 
derive the superfield equations of motion, linearise them about maximally su¬ 
persymmetric backgrounds and obtain restrictions on the parameters that lead 
to models for massive supergravity. We use the non-minimal formulation for 
JV = 2 supergravity (which corresponds to a complex linear compensator) to 
construct a novel consistent theory of massive supergravity. In the case of 
A/" = 3 supergravity, we employ the off-shell formulation with a vector mul¬ 
tiplet as compensator to construct for the first time various higher derivative 
invariants. These invariants may be used to derive models for JV = 3 massive 
supergravity. As a bi-product of our analysis, we also present superfield equa¬ 
tions for massive higher spin multiplets in (1,0), (1,1) and (2,0) anti-de Sitter 
superspaces. 
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1 Introduction 


Higher-derivative gravity has attracted attention, on and off, for over half a cen¬ 
tury. Interest in such theories was spurred on in the early 1960s when it was noticed 
BE) that the renormalization of divergences in quantum held theories in curved space- 
time requires higher-derivative counterterms containing the curvature tensor squared. 
A decade later it was established [3] that adding the higher-derivative structures 
R ab R a b and R 1 2 to the Einstein-Hilbert (EH) Lagrangian leads to a renormalizable 
theory in four spacetime dimensions, the price for renormalizability being unphysical 
ghost modes in the theory. Furthermore, an important development took place in 
1980 when Starobinsky proposed his (nowadays famous) model of inflation [4] ob¬ 
tained by complementing the EH Lagrangian with a term proportional to the scalar 
curvature squared. 

In three dimensions (3D), consistent models for massive gravity can be constructed 
by making use of certain higher-derivative extensions of the EH action. One such 
extension was proposed more than thirty years ago PJ and is known as topologically 
massive gravity (TMG). This model is obtained by adding a Lorentzian Chern-Simons 
term (which is cubic in derivatives of the gravitational held) to the EH action. The 
resulting theory does not preserve parity, is ghost-free and propagates a single massive 
state of hclicity ±2, where the sign depends on that of the Lorentz Chern-Simons term. 
More recently, a parity-preserving model for 3D massive gravity has been proposed 
[6] (see also [7]). It is obtained by combining the “wrong sign” EH Lagrangian with 
a fourth-order term m~ 2 (R ab R a b — | R 2 ), which introduces a mass parameter m. The 
resulting theory, dubbed “new massive gravity” (NMG), proves to be unitary [81 [91110J 
(unlike its 4D predecessor [3J) and it propagates two massive states of both helicities 
±2 in a Minkowski vacuum.)] Further generalisations of NMG are also possible. 
First of all, one may consider a hybrid parity-violating model which interpolates 
between TMG and NMG PJ and is known as “general massive gravity” (GMS). Its 
specific feature is that the ±2 hclicity states have different masses m±. Furthermore, 
adding a cosmological term (in the spirit of cosmological TMG [13] [HI [15]) leads to 
cosmological GMG [6]. It turns out that all of these 3D models for massive gravity 
admit supersymmetric extensions. 

Topologically massive supergravity (TMSG) with J\f — 1 was introduced in [l6j 
and its cosmological extension followed in [13]. The off-shell versions of cosmological 
TMSG theories were presented in [17] for = 2 and in p2] for J\f = 3 and Af = 4. The 

1 It has been claimed that NMG is power-counting renormalizable El!- However, this statement 

is incorrect as shown in m- 
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off-shcll Af = 1 supergravity extensions of the models for massive gravity proposed 
in |6j were given in [19] (see also [20]). while the Af = 2 case was studied in a recent 


paper m 

The constructions in USED] and [22] made use of component techniques^] Such 
techniques are quite adept for deriving supergravity-matter systems with at most two 
derivatives. However, they can become rather involved when it comes to construct¬ 
ing higher-derivative couplings such as supersymmetric extensions of the curvature 
squared terms§] For instance, the Ricci squared invariant in Af — 2 supergravity 
with a chiral compensator was only given at the bosonic level in [22]. Moreover, the 
component formalism does not seem to provide a clear approach to higher derivative 
invariants with more than four derivatives. For this reason it is worth looking for 
alternative approaches. 

There exist fully-fledged superspace formulations for off-shcll 3D A/"-extended con¬ 
formal supergravity [271128] , of which [27] is a gauged-hxed version of [28]. The SO (Af) 
superspace approach of [27] has been used to construct general off-shcll supergravity- 
matter couplings for 1 < Af < 4. The conformal superspace of [28] has been applied to 
provide a universal construction of the conformal supergravity actions for 1 < A^ < 6 
[ 29] [30] (for each Af, the conformal supergravity action is a locally supersymmetric 
Lorentzian Chern-Simons term required to formulate TMSG). Off-shell versions for 
3D Poincare and anti-de Sitter (AdS) supergravity theories naturally follow by cou¬ 
pling conformal supergravity to conformal compensators, see EH for the complete 
description of the Af = 2 case. In this paper we show that all the supergravity in¬ 
variants required for the construction of the massive supergravity models proposed 
in [El GE 22] naturally originate within the superspace approaches of [27], [28] . In 
particular, the construction of four-derivative invariants in 3D Af = 2 supergravity 
is analogous to that in 4D Af = 1 supergravity [32]. We also construct, for the first 
time, curvature squared invariants in Af = 3 supergravity. 

Before turning to the technical aspects of this work, we would like to make several 
comments concerning Af = 2 supergravityfl There are three off-shcll formulations 
for 3D A^ = 2 Poincare and AdS supergravity theories [27] 31]: (i) type I minimal; 


2 It should be mentioned that the superspace formalism to derive all the Af = 1 invariants given 
in [H ED] has been available since 1979 [SUES Eg. However, the questions posed and answered in 
USED] had not been asked by the authors of [22 Ell E5] ■ In principle, the off-shell formulation for 
3D Af = 1 supergravity proposed in 1978 [26] is also perfectly suitable for the explicit construction 
of the invariants given in [19l ED] ■ 

3 The supersymmetric extensions of R 2 3 4 terms in 3D Af = 1 supergravity were constructed in [2T . 

4 For early works on off-shell 3D Af = 2 supergravity, see [33] [34[ G23 36]. In on-shell 3D Af = 2 
supergravity, the matter couplings were studied in 
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(ii) type II minimal; and (iii) non-minimal. They differ by the structure of the 
conformal compensators employed. Type I minimal supergravity is a 3D analogue 
of the old minimal formulation for 4D Af = 1 supergravity [40] (see [25], [4T, I42j 
for reviews). Type II minimal supergravity is a 3D analogue of the new minimal 
formulatioqj for 4D Af = 1 supergravity [43] (see [4T, 25] for reviews). The non- 
minimal supergravity theories are analogues of the following 4D Af — 1 theories: 
(i) non-minimal supergravity without a cosmological term [44[ [45] ; and (ii) non- 
minimal AdS supergravity [46] • As shown by Achucarro and Townsend m, in three 
dimensions A/”-extended AdS supergravity exists in several incarnations. They were 
called the ( p , q) AdS supergravity theories where the non-negative integers p > q are 
such that A f — p + q. It was demonstrated in m that these theories are naturally 
associated with the 3D AdS supergroups OSp(p|2;M) x OSp(q|2;M). There are two 
off-shell realisations for (1,1) AdS supergravity [31], which are the type I theory 
with a cosmological term and the non-minimal AdS theory. There is only one off- 
shell realisation for (2,0) AdS supergravity [31], which is the type II theory with a 
cosmological term. Strictly speaking, the terminology (p, q) AdS supergravity should 
be used only for supergravity theories with a cosmological term. In the literature, 
however, the names (1,1) and (2,0) supergravity theories are also used for the type I 
and type II minimal formulations. 

This paper is organised as follows. Section [2] is devoted to the description of = 1 
supergravity models. In sections [3[ [4] and [51 Af = 2 supergravity models with a chiral 
compensator, with a real linear compensator and a complex linear compensator are 
presented, respectively. In all the sections EH5] special attention is given to those 
models that describe massive supergravity. In section [6] we construct new invariants 
in A/" = 3 supergravity with a vector multiplet compensator. A discussion of our 
results and concluding comments are given in section 0 

We have also included a few technical appendices. In appendix [A] we summarise 
the essential details of conformal superspace for Af < 3. Appendices [B] and O are 
devoted to prepotential deformations for Af = 1 and Af = 2 supergravity. 


2 Af = 1 supergravity models 

The construction of A^ = 1 supergravity models in three dimensions can be per¬ 
formed using the conventional superspace formalism of [23] [24, [25]. It makes use of 

5 Unlike the new minimal formulation for 4D Af = 1 supergravity, the type II minimal formulation 
is suitable to describe AdS supergravity, which is a unique feature of three dimensions. 
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a curved superspace AC 2 parametrized by real bosonic ( x m ) and real fermionic (9 11 ) 
coordinates z M = ( x m , 6 * M ), where m = 0 , 1 , 2 and /jl — 1 , 2 . 

2.1 Conventional superspace 

The superspace geometry is described in terms of covariant derivatives of the form 

V A = (V a ,V a ) = E A -n A . (2.1) 

Here the vector fields E A = E A M d/dz M define the inverse vielbein, and 

= hi A bc M bc = -n/M b = (2.2) 

is the Lorentz connection. The Lorentz generators with two vector indices ( M ab = 
—M ba ), with one vector index ( M a ) and with two spinor indices (M a p = Mp a ) are 
related to each other by the rules: M a = \e abc M bc and M a p = (7 a ) a pM a . The Lorentz 
generators act on the covariant derivatives as follows: 

[M a p,V 7 ] = £ 7 ( a 'Pfl) , [M ab ,V c ] = 2?7 c [ a X>b] . (2.3) 

In the notation of [ST], the covariant derivatives obey the following (anti-)commutation 
relations: 


{'D a) Vp] — 2YD a p — 4i SM a p , (2.4a) 

[Daf 3 ,^ 7 ] = —2e 7 (a.S'Dp) + 2£ y ( Q C/3)6pM 5p 

+ — (T> 1 SM a p — , (2.4b) 

[D a , V b \ = - l -e abc (i C ) afl {c a ^ + ^D a SVp - V (Q Cp lS) M~< 5 

+l(V 2 -6iS)SM a p } , (2.4c) 

where S and C al 3 7 are related to each other by the Bianchi identity 

= ~V a pS . (2.5) 


Practically all supergravity actions (with the action for conformal supergravity 
being a notable exception) may be realized as invariants of the form@ 


S = i 


d 3 l 2 zE£(T,VT,V 2 T,---) , 


E~ l = Ber (E A M ) , 


( 2 . 6 ) 


6 In Af-extended superspace we use the notation d 3 I 2A A := (E’xA^d. The M = 1 supergravity 
measure, d 3 ^ 2 zE, is imaginary. 
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where T schematically represents the torsion components appearing in the covariant 
derivative algebra (12.4p . Various choices for £ lead to different supergravity models. 
As far as the higher-derivative supergravity invariants are concerned, the important 
observations are: (i) the top component of S gives a scalar curvature contribution; and 
(ii) a linear in 6 component of C aj g 7 , 'D( a Cp 1 s)i contains the traceless part of the Ricci 
curvature tensor. Therefore, choosing £ oc ( T> a S)T> a S leads to a supersymmetric 
completion of the scalar curvature squared, while £ oc C a/37 C Q( g 7 produces the Ricci 
tensor squared along with some other contributions. 

As is well known, gravity in d > 2 dimensions can be realized as a Weyl invariant 
dynamical system describing conformal gravity coupled to a conformal compensator 
[T8, T9] . It is also well known that similar formulations exist for various supergravity 
theories. Such formulations are useful for certain applications, including the compo¬ 
nent reduction of supergravity models. It is especially suitable when the conformal 
supergravity action is a sector of the complete action of the theory under considera¬ 
tion. In three dimensions, J\f = 1 conformal supergravity can be described using the 
above curved superspace setting by requiring an additional gauge symmetry known 
as super-Weyl invariance. The algebra of covariant derivatives (12 ,4ji is invariant under 
super-Weyl transformations [.33, 50] EE] of the forinE 


V' a = e^(Z UPH) , 

K = (A + 


(2.7a) 


(2.7b) 


with the parameter a being a real unconstrained superfield. The corresponding trans¬ 
formation of the torsion superfields is 

S' = - 2i S)e~* ff , C' a/3l = -l e ^(V {aP V y) - 2C Q( 3 7 )e CT . (2.7c) 

Every supergravity-matter action can be made super-Weyl invariant by coupling the 
fields to a conformal compensator ip, which is a nowhere vanishing scalar superheld 
with the super-Weyl transformation law 



( 2 . 8 ) 


Applying a finite super-Weyl transformation allows one to choose the gauge (p — 1, 
in which the super-Weyl invariant action reduces to the original one. 

7 Only infinitesimal super-Weyl transformations were given in [an Ham!. 
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The super-Weyl invariance (12.71) is intrinsic to conformal supergravity. The action 
for J\f = 1 conformal supergravityj does not depend on p and is given by [53] 

Scsc = -2 J d^zESl^Gafr 

+ f d 3l2 zE |tr(n a fi^fi^ - 2 SQ a Q a ) - Si1 a ^ a iV^ 

+32i J d 312 zES 2 , (2.9) 

where we have used the matrix notation 12 a = (GIa/ 3 1 ) and introduced the tensor 

Gap 7 := C-aP 7 ~ , E> a Q a/3l = 0 . ( 2 - 10 ) 

This tensor will be used for later considerations. Modulo an overall coefficient, the 
structures in the first and second lines of (12.91) are uniquely fixed by the condition of 
invariance under the local Lorentz transformations 

S K Gl A bc = K A °n D bc - V A K bc . ( 2 . 11 ) 

The last term in (12.91) is uniquely fixed by requiring invariance under the super-Weyl 
transformations. Separate sectors of the superfield action (12.91) had appeared long 
ago [25, 3U EH], but the complete action was given only in [53] . 

2.2 The superconformal setting 

Off-shell A/"-extended conformal supergravity in three dimensions can be realized 
in superspace [28] as a gauge theory of the superconformal group OSp(A/]4, R). This 
formulation, known as conformal superspace, is briefly reviewed in appendix (A[ It is 
the most powerful approach to derive off-shell conformal supergravity actions [29[ 30]. 
In the J\T = 1 case, the Weyl invariant formulation for conformal supergravity sketched 
above originates from conformal superspace by partially fixing certain local symme¬ 
tries, see [28] for the details. Therefore, it is quite natural to carry out our subsequent 
analysis in conformal superspace; all results may be recast in the conventional super¬ 
space formalism by imposing the gauge conditions required. One of the advantages 
of conformal superspace is that it improves the complexity in performing component 
reduction. 

8 The action for M = 1 conformal supergravity was originally constructed in components using 
the superconformal tensor calculus [52]. 








Within the conformal superspace setting, the conformal compensator p has to be 
a primary superfield of dimension 1 / 2 , 

0 <£ = \p , I< A p = 0 . (2.12) 

We define the component fields of p as follow^] 

l:=<p\, K ■= iV^c^l , S := '-V 2 p\ , (2.13) 

where the bar-projection [54) 02) 125] of a superfield V (z) — V(x, 9) is defined in the 
standard way V\ := V(x,9) |g =0 . Here we have introduced the operator 

V 2 := V"V a . (2.14) 

Using p one can deform the covariant derivatives of conformal superspace Va to 
new covariant derivatives 3>a that are dimensionless and take primary superfields to 
primary ones. This procedure is very much like the one adopted in [55) [56, 157) 06,, 
158] to construct Weyl invariant covariant derivatives. We define the new covariant 
derivatives as follows: 

S> a := — (V Q — 2V 3 In pM a/ 3 — 2V a ln</?B) , (2.15a) 

if V 7 

:= l -ilaT P {^ - 2 yM a , (2.15b) 

where we have introduced the dimension zero primary superfield 

^ := TjVV . (2.16) 

Note that p is covariantly constant with respect to S>Ai = 0. When acting on a 
primary superfield, the covariant derivatives 3>a satisfy the algebra 

{^ Q , = 2i® afi - 4i^M Q/3 , (2.17a) 

[^ a /3,^j\ = —2 + 2e 1 ( Q ( ifi3' ) SpM 5p 

- 4@ (a yMp h ) , (2.17b) 

where we have introduced 

^a/37 := — — V( Q £V 7 )^ ■ (2.18) 

The algebra (12.171) formally coincides with (12.41) . In fact, we can relate the su- 
perconformal framework presented above to the one of conventional superspace by 
9 The component fields of the conformal supergravity multiplet were elaborated in [29] , 
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gauge fixing the additional symmetries. The conformal boosts and ^-supersymmetry 
transformations can be fixed by imposing the gauge condition 

B a = 0 , (2.19) 

which reduces conformal superspace to conventional superspace via the degauging 
procedure of (28J. The composites (j2.16f) and (12.181) become 

y = ^ 2i S)(p , (2.20a) 

ffa/3"/ = — 2^ iP{ a pD^) — 2C a/ 3 7 )— . (2.20b) 

One can then use the super-Weyl transformations to impose the gauge condition 

<p = l. (2.21) 

One can see that in the above gauge the composites (12.161) and (12.181) coincide with 
the torsion components S and C Q( g 7 of conventional superspace. 

We will make use of the composites (j2.16[) and (12.18(1 to construct supergravity 
invariants as superspace integrals. Superspace actions have the form 

S = ifd 3l2 zE£, (2.22) 

where C = C is a real primary superfield of dimension 2, 

B£ = 2£ , K a C = 0 . (2.23) 

Using our constructions one may consider general actions of the form 

S = i J d 3 \ 2 z E </£(^, 2> 2 &, ■ • •) , (2.24) 

where £ is a dimensionless superfield constructed out of the torsion components ST 
of the covariant derivatives S> A . In particular, one can in principle construct general 
higher derivatives couplings. In this section, we will focus our attention on actions 
containing at most curvature squared terms. 

In order to reduce the superspace actions to components we make use of the 
following component reduction formula [59] : 

S = i f S 2 zEC , 

= ~lj d 3 xe {V 2 - i( 7 TVoaV^ - h abc { la ) a ^ b a ^Y\ > (2-25) 
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where e := det(e m “). Here the component vielbein e m a , its inverse e a m and the 
gravitino held are dehned by 

e m a E m a \ , e a m e m b = S b , e m a e a n = , (2.26a) 

Vt/ := e a m ^J , ^ m a := 2E m a \ . (2.26b) 

In what follows, we will mostly be interested in the bosonic sectors of locally su¬ 
persymmetric actions, although by using the previous results it is straightforward to 
derive the full component actions. 

Applying the component reduction formula, eq. (12.251) . to our supergravity mod¬ 
els, one will often find the appearance of terms such as V“V„<^| and V a V (l V 6 Vf,<^|. 
Such terms are of significance because they involve scalar curvature and Ricci curva¬ 
ture squared contributions. In general one finds for a primary scalar superfield (f> of 
dimension A and lowest component f := <p\ the following results: 

V“V a 01 = (D a D a + — Rjf + fermion terms , (2.27a) 

V“V a V 6 V b 0| = D a (D a D b D b f + j(D a R)f + jRD a f 

+ (2A — 1) (R ab D b f — i/7D a /j j 
+ (2A - 1 )R ab D a D b f - RD a D a f 

+A(2A - 1 )R ab R ab f - A ^ 9A ~ 7 ^ R 2 f + fermion terms . (2.27b) 

16 

Here we have introduced the covariant derivative 

Da = e a m (dm - \u m hc M bc - 6 m o) , (2.28) 

where the Lorentz connection u> m bc and dilatation connection b rn are dehned as com¬ 
ponent projections of their corresponding superspace connections, 

u m bc = n m bc \, b m = B m \. (2.29) 

The scalar curvature R is constructed from the Lorentz curvature R a b cd as follows 

R = Rab ab , (2.30) 

where the Lorentz curvature R a b cd is given by 

R ab cd = 2e a m e b n (d [m u n] ab - 2c v [m cf u n]f d ) . (2.31) 
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In the cases we consider we will only need to make use of the results (\2.27\i in the 
gauge where 0=1. For a more detailed discussion of the component results and 
conventions, the reader is referred to m- 

It should be mentioned that at the component level the gauge conditions (12. 19[) 
and (12.211) corresponds to setting 

1 = 1, X a = 0 , b m = 0 . (2.32) 

Here the first gauge condition fixes the dilatations, the second fixes the S'-supersymmetry 
transformations and the last fixes the conformal boosts. We also point out that the 
top component S of (p, eq. (12.131) . does not vanish in the gauge ip = 1. These gauge 
conditions are useful in deriving component actions corresponding to supergravity 
invariants. 

2.3 Supergravity invariants 

We now turn to describing locally supersymmetric invariants which contribute to 
massive supergravity actions. 

2.3.1 The supergravity action 


The standard M = 1 supergravity action with a cosmological term is given by 


s — —•S'sg + XS cos , 

(2.33) 

K 

where 


y SG = 8i J S 2 zE^y , 

(2.34) 

is the supersymmetric Einstein-Hilbert action, and 


S cos = i j d 3l2 z E y 4 

(2.35) 


is the supersymmetric cosmological term. The functional S§q gives rise to the Einstein- 
Hilbert term —\R once one reduces to components and imposes the gauge conditions 
(I2.321) . To see this one applies the component reduction formula (12.25(1 to the action 
(I2.341) . Keeping in mind the expression for 5? in terms of the compensator, eq. (12.16(1 . 
one finds a term involving the component projection of V 2 V 2 y = —4V“V a ^- Finally, 
making use of (12.27jl in the gauge <^3 = 1 recovers the Einstein-Hilbert term. The full 
component action can be similarly computed. Here we are primarily concerned with 
the curvature dependence of our supergravity invariants. 
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2.3.2 The S n invariants 


Keeping in mind the gauge condition (I2.32I) . one can construct an invariant which 
contains an S n term, with n a positive integer. Such a functional is given in terms of 
y as follows: 

S S n = i J S 2 zEcp A y n - 1 . (2.36) 

For n — 1 and n — 2 one recovers the supergravity cosmological term (12.351) and 
the Poincare supergravity action (I2.34j) . respectively. Similarly to the supergravity 
action one can check that the action (12.361) contains the contribution — RS n ~ 2 
for n > 2. The corresponding bosonic component action was given in [20]. For n — 1 
it coincides with the cosmological term, while for n — 2 it gives the Einstein-Hilbert 
term. 

2.3.3 The scalar curvature squared invariant 

A functional containing a scalar curvature term R 2 may be constructed using 

A scalar 2 = I d 3 ' 2 z E <p 4 {® a y) ® a y . (2.37) 

Upon integration by parts the above functional may be taken to the equivalent form 

^scalar 2 =-[ d 3|2 £ E <pyv 2 (<py) - 2^4 . (2.38) 

One can check that the first term in S' sca i ar 2 gives rise to a scalar curvature squared 
term, — ^R 2 - At the component level a scalar curvature squared action was given in 
[19j using different techniques. Our curvature squared action (I2.37[) differs from the 
one in [19] by the addition of a multiple of the S A invariant. 

2.3.4 The Ricci curvature squared invariant 

An invariant containing a Ricci squared term, R^R^, is given by 

S Ricci 2 = -2 J d 3l2 zEv 4 tf a ^Kp>y . (2.39) 

One can verify this readily by imposing the gauge conditions (I2.19P and (j2.21[) and 
working in conventional superspace. It is not difficult to see that the component 
action will involve a Riemann curvature squared contribution, which leads to the 
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Ricci squared term. In particular, in the gauge (12.32ft one finds the curvature squared 
contribution to be 

R ab R ab - i R 2 . (2.40) 

One can then show that the combination 

43 ■= SrW - y^ scalar2 (2.41) 

gives a pure Ricci curvature squared invariant without any scalar curvature squared 
terms. 


Remarkably one can write down an alternative invariant in a compact form that 
also gives rise to a Ricci squared term 


Sx= [ d 3l2 zE- , E := V Q V a V 2 - . (2.42) 

J V V 

The dimension-! superfield £ can be shown to be primary. Using eq. (12.27j) one can 
check that in the gauge (I2.32p the invariant (I2.42p contains the following curvature 
squared contribution: 

23 

R ah Rab - — R 2 ■ (2.43) 

04 

The relative coefficients between the Ricci squared and scalar curvature squared con¬ 
tributions exactly coincides with that of the Ricci squared invariant constructed at 
the bosonic level in [T9] . The result thus appears to coincide with the Ricci squared 
invariant in [20] up to the addition of a multiple of the S' 1 invariant. The form of the 
curvature squared terms tells us that the invariant (12.42p may be expressed in terms 
of a linear combination of the Ricci squared invariant iSiuccp, the scalar curvature 
squared invariant S' sca i ar 2 and the S' 4 invariant S'54. 

There is another linear combination of SViicd 2 and S sca i ar 2 that is worth mentioning. 
Here we make use of the gauges (12.19P and (12.211) . and define the following invariant 
in conventional superspace 


43 : = ^Ricci 2 - ySscala r2 . (2.44) 

The reason for the superscript (YM) will become clear shortly. The form of the action 
allows one to write it entirely in terms of the tensor Q a ( g 7 = G a (/ 3 j), eq. (12.101) . which 
has the property V a G a p 1 = 0. The action reads 


43 = -2 / d 3l2 zEG a ^g a01 = 2 J d^ 2 zEtv{g a g Q } , (2.45) 
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where we have defined the Lorentz generator valued superfield Q a := Qc/ 1 M^ r The 
form of the action makes clear a striking connection with the J\f = 1 super Yang-Mills 
action 


Sym = 2 J d 3 l 2 zEtv{G a G a } 


(2.46) 


with G a the held strength of a Yang-Mills multiplet which satisfies the divergenceless 
condition T> a G a = 0. Here T> a is the Yang-Mills group gauge covariant derivative. 

The fact that an invariant containing a Ricci squared term may be made to re¬ 
semble the Yang-Mills action is most significant from a component perspective. In 
particular, in [6] the full component action for a supergravity invariant containing a 
Ricci squared term was efficiently constructed in the gauge (12.32ft by reducing the 
problem to one of coupling a certain Yang-Mills multiplet to supergravitvF 3 ! The 
procedure is equivalent to judiciously replacing the Yang-Mills multiplet component 
holds with those of the component helds of QcP 1 , which transform as a Yang-Mills 
multiplet (with a Lorentz group index) by virtue of T> a Q a = 0. At the component 
level one can check that the invariant contains the curvature squared contribution 

Dab d 1 d2 

O, Kab — 4 -n- • 

It is worth mentioning that although we imposed the gauge conditions (I2.19j) and 
(12.2lj) it is straightforward to restore the compensator. One simply uses the action 

CS = - 2 / d 3 ' 2 zE<p 4 & a *'& afh , (2.47) 


where 

= ^</ 7 + . (2.48) 

3 

Although we have restricted our attention here to curvature squared invariants, our 
approach makes it possible to generate locally supersymmetric functionals containing 
higher powers of the curvature tensor and its covariant derivatives. All such invariants 
are described by actions of the form (j2.24|) where SF denotes the primary dimensionless 
superfields (12.201) . Among the descendants of 02 .201) . the following rank 3 symmetric 
spinor 

= -i^ 2 ^ 7 - 2^%)^ - (2.49) 

plays a special role. It is related to the super-Cotton tensor [53], W a ^, by the rule 


W a p 7 = <^ 5 #h/3 7 . 

10 This is often referred to as the “Yang-Mills trick.” 


(2.50) 
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The super-Cotton tensor has been written in terms of p to make clear how it is related 
to the torsion components in conventional superspace. It should be kept in mind 
that it is actually independent of the compensator p. Given a curved superspace 
background, it is conformally flat if and only if W a ^ is equal to zero [28]. This 
property explains the geometric meaning of the super-Cotton tensor. The super- 
Cotton tensor contains the ordinary Cotton tensor as the component held V( a lT' ( g 7 5 )| 
and obeys the equation [28] 


V 7 lT a/37 = 0 . (2.51) 

2.4 Models for massive supergravity 

Using the invariants constructed in the previous section one can build models 
for massive supergravity. The actions for these models are built out of a linear 
combination of the supergravity invariants together with the action for conformal 
supergravity. In this section we analyse the dynamical properties of such theories 
and derive the necessary conditions for massive supergravity. 

We begin by considering a general Af = 1 supergravity model described by the 
action 

S A S cos T SsG + h- 0 T piSgi -f- /i2*S'scalar 2 T AU^Ricci 2 T $CSG j (2.52) 

K H 

where Scsg denotes the Af — 1 conformal supergravity action, eq. (12.91) . In what 
follows we will assume that /13 > 0 as in Jl9i [ 20 ] . 

It is an instructive exercise to derive the equations of motion in the theory with 
action (12.521) . Varying the action (12.52)1 with respect to the compensator p leads to 
the equation 

0 = a + -y - - ^y 3 

n 2 

+\^® 2 y + i(|/xi - ^2) ® 2 y 2 + 1 -f(@ a y)® a y 

+ ■ (2-53) 

There is no contribution proportional to 1/p since the conformal supergravity ac¬ 
tion is independent of the compensator. The equation of motion for the conformal 
supergravity prepotential is 

— Wa /37 + Ta/ 3 7 — 0 , (2.54a) 

/i 
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where 


= -J (SG) a p-y + ji 0 T^ ah + /xiT( s4 ) q/37 + /r 2 J {sca2) a ^ + /i 3 T (Ric2) ^ 7 (2.54b) 

Kj 

with the right-hand side consisting of the following contributions: 

T (SG) a/?7 = -2^ q/37 , (2.54c) 

= ^{® {a p%) + 2tf afh )y n ~ 1 , (2.54d) 

T (sca2) a/37 = 2(%^)% y) ^ - ~(%^ 7) + 2tf afil )@ 2 y , (2.54e) 

T (Ric2) a/?7 = -i^^Kp-y + |%^ 7) ^ - 4& afh ® 2 y + 4i y® 2 ^ 

56 

+ 32 ^%^^ + 12 ^ (a /^ 7)p ^ + —(%^)^ 7) ^ 

- l^ a Sp ^)s P + 12^ 2 ^ 7 . (2.54f) 

Here we have denoted 

J^ap-yS = ^(a^p-yS) • (2.55) 


The equation of motion (12,54ft can be obtained by using the results in appendix |B] 
which imply 

SScsg = [ f d , s(s--Scsg) = i J d 3 ' 2 zE5^T a ^ . (2.56) 

It is seen that (j2.54[) does not involve the cosmological constant A. This is due to the 
fact that the cosmological term (12.351) does not depend on the conformal supergravity 
prepotential. It also follows from the analysis in appendix |B] that T a ^ obeys the 
conservation equation 


V 7 T Q £ 7 = 0 (2.57) 

provided the compensator is subject to its equation of motion (12.531) . 

By construction, the supergravity equations (j2.53[) and (12.54)1 are super-Weyl in¬ 
variant. Upon imposing the gauge (12.19j) and reducing to conventional superspace, 
the local super-Weyl symmetry may be fixed by imposing the gauge 

<P = 1 , (2-58) 

which amounts to replacing S>a —>■ 'Da-, ^ap-y —> C Qi g 7 and 5? —> S everywhere. The 
super-Weyl invariance can always be restored by performing an inverse replacement. 
The gauge condition (12.58)1 will be assumed in what follows. 
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The supergravity equations of motion have maximally supersymmetric solutions. 
Maximally supersymmetric backgrounds are specified by the conditions 


C a i 3 7 = 0 , S = const , (2.59) 

which imply that the algebra of covariant derivatives (12.41) drastically simplifies 

{D a ,Vp} = 2i V a p - 4i SM a [) , (2.60a) 

[V aP ,V 1 ] = -2.e^ a SV p) , (2.60b) 

[D a ,V b \ = -A S 2 M ab . (2.60c) 


Such a superspace describes either anti-de Sitter geometry for 5 ^ 0 or a flat space- 
time for 5 = 0. 

Let us look for a maximally supersymmetric background (12.59(1 with S = Sq which 
is a solution of the supergravity equations of motion. In this case we have 

Wafa = T a/3l = 0 , (2.61) 

and therefore the equation (I2.54aj) is satisfied identically, while the equation on the 
compensator, eq. (12. 53f) . becomes algebraic 

0 = A + -So - ^5 0 3 . (2.62) 

Hv a 

This cubic equation in S 0 coincides with the one found in [I9l [20] . The real solutions 
of this equation (at least one real solution always exists) determine the maximally 
supersymmetric solutions of the supergravity theory under consideration. 

One may impose the constraint 

M2 = !j/G , (2.63) 

which reduces the dynamical system (12.52)1 to a six-parameter subclass of models. In 
general this leads to a propagating scalar mode, which is eliminated in the case of 
generalized massive supergravity (GMSG) via a further choice of coefficients. At the 
component level one finds the equation of motion on the compensator to be 

X + -S- ^5 2 + (12 /i 2 - 5/n)5 3 

K 2 

= -—(/i 0 + (3/ii — 12/i 2 )5ji? + fermion terms , (2.64) 

where we have used 

V 2 S\ = 6i5 2 — -R + fermion terms . (2.65) 
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One can solve eq. (12.64)1 for S in terms of the scalar curvature R. At the bosonic level 
this was worked out in [20] and leads to an action non-polynomial in R. It is worth 
mentioning that although we have suppressed the fermionic terms for simplicity, it is 
a straightforward exercise to recover them from eq. (12.53ft . 

One may consider perturbations in the supergravity model (12.631) from the maxi¬ 
mally supersymmetric solution: 


S — Sq + A S , 


CaP'y ~ AC 


afl'y 


( 2 . 66 ) 


The equation of motion on the compensator becomes 


0 = i 


ho 
L 4 


+ ( yhi — 3/X2 )£( 


V 2 AS + 


4 

L hi 


3hl o2 


AS . 


When the coefficient for T> 2 AS in eq. (12.67P does not vanish, 


— 3/i 2 ) A 0 7 ^ 0 , 

we have the equation 

(^D 2 - rnj AS = 0 =► (V a V a - m 2 )AS = 0 , 

where m is given by 

8 — 3KUlSn 

m = - - -w • 

ho + (3hi - 12/i 2 )5oJ 

Hence in this case AS becomes propagating. 

Instead of (12.681) we may impose the condition 


(2.67) 


( 2 . 68 ) 


(2.69) 


(2.70) 



ho + (3hi — 12 /i 2 )iSo — 0 . 

(2.71) 

and also assume that 


4 3)11 So ^ 0 . 

K 2 0 T 

(2.72) 

Then eq. (12.67)1 gives 


o 

hj 

< 

(2.73) 


Linearising the Bianchi identity (12.5[) about the background chosen and taking into 
account AS = 0, we obtain the divergenceless condition 


£> 7 A C ah = 0 ==>• V 2 AC af)l = 2iV a s A + 10i5 0 AC ^ 7 . (2.74) 


19 























At this point it is worth remarking on a property of symmetric divergenceless 
spinors in the AdS background (I2.60P chosen. In general, given a symmetric rank-n 
spinor, T ai ... an = T( ai ... an y } it holds that 

V f> T ai ... an _ lP = 0 =► V^V 2 T ai ... an _ lP = 0 . (2.75) 


The linearised torsion AC aj g 7 is an example of such a superfield. In particular, the 
operator \V 2 preserves the divergenceless condition of A C a p T 

Using eq. (12.741) . the supergravity equation of motion can be written in terms of 
vector covariant derivatives as follows 


/i 3 P a P a AC a( g 7 + ^2/i 3 <So — 2 ^) ACfas 

1 _ 1 <, (3 

2k 2/i ° \ 32 /i ° 


‘-’o 


1 

o^l 5 ( 


AC af)l = 0 . (2.76) 

When /j ,3 ^ 0 the equation of motion may be written in the following factorized form 


Qp 2 + (^D 2 - m+^ACafr = 0 , 

where the constants m + and m_ are such that 


(2.77) 


m + rri- = 


m .|_ 


m_ = 8«Si 


1 rl 4 „ 

Q- - 1 -SO 

2 / 13 Lk /i 

1 


16 


A*o 


c 2 

‘-’o 


A*i 


S n 3 


0 


2 / 13/1 


The constants m + and m_ are real when the following inequality is satihed: 

1 1 
K 8/i 3 /i 2 


3 

lU 0 + 


5„ 2 - ^ Si < 0 . 


(2.78a) 

(2.78b) 


(2.79) 


The supergravity equations of motion have massive solutions in a number of cases. 
For instance, generalized massive supergravity [19) [20] is characterised by a negative 
Einstein-Hilbert term, k < 0, while the case of new topologically massive supergravity 
HD ED] is characterized by k —> 00 . Furthermore, new massive supergravity occurs 
in the case /13 7 ^ 0 and /1 —>■ 00 . In this case it is straightforward to verify that about 
a Minkowski background (<S 0 = 0 ) we have the massive equation 

(d a d a — m 2 )AC a Bry = 0 , m 2 := m + m_ = --— , (2.80) 

2/13 « 

where m is real for a negative Einstein-Hilbert term, k < 0. 

In the case when /13 = 0 and /1 is finite we have the equation 

(^P 2 -m)AC ^ 7 = 0 , (2.81) 
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where rh is given by 


*=-(£+ 45o - ^s„ 3 - ^5 3 ) . (2.82) 

About a Minkowski background it is straightforward to verify that 

(< d a d a - m 2 )AC af3l = 0 . (2.83) 

Note that when /x 0 = Hi = 0 the above coincides with topologically massive super¬ 
gravity. 

We have reduced the supergravity models to those considered in [19] 120]. The 
analysis of unitarity for such theories may be carried out as in mm- 


3 Af = 2 supergravity models with a chiral com¬ 
pensator 

All known off-shell formulations for 3D Af = 2 supergravity [3T, 27] can be formu¬ 
lated in conventional superspace with structure group SL(2,R) x U(l) fl . This curved 
superspace Ad 3 ! 4 is parametrised by local bosonic ( x m ) and fermionic ( 6 ^, 9^f) coordi¬ 
nates z A1 = ( x m , 9^, Ofj), where the Grassmann variables 9 ,J: and 9 M are related to each 
other by complex conjugation: 9f* = 0 A 

3.1 Conventional superspace 

The covariant derivatives of conventional Af = 2 superspace Va = (U a ,U a ,V a ) 
have the form 

Va = Ea — ~ i &aJ , (3.1) 

with J the A-symmetry generator acting on the covariant derivatives as follows: 

[ J, v a \ = V a , [J, V a } = -V a , [J, V 0 ] = 0 . (3.2) 

In order to describe Af = 2 conformal supergravity, the torsion has to obey the 
covariant constraints proposed in [36]. The resulting algebra of covariant derivatives 

is mm 

{Da,Up} = —4 lZM a p , (3.3a) 
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{V a , Vp] = — 2i(7 c ) a pV c — 2C a pJ — 4i £ a pSJ + iiSM a p — 2e a pC' yS M y s , (3.3b) 

[D a ,Vp\ = \e abc [^ b )p i C c V 1 + ( 7 a )p 1 SV 1 - i( 7 a ) fh K'D'< + i ^ a )^V h C Sp) M Sp 


~\{2VpS + i V p K)M a - 2 -£ abc ^ b )p a {2V a S + i V a n)M c 

+ ^ ((7a) a7 ^(a^ 7) + l( 7a )/(8iD 7 5 - vji)) J , (3.3c) 

where the U(1 )r charges of the torsion superfields TZ, TZ and C a p are —2, +2 and 0, 
respectively. They also satisfy the Bianchi identities 

VJZ = 0 , V p C a[i = ~{VJZ + 4i V a S) . (3.4) 

The algebra of covariant derivatives given by (13.3p does not change under the 
super-Weyl transformation I2Z1I2H 

V a = e^ a (v a + V^crM^a — T> a aJ^j , (3.5a) 

V' a = e°(v a - l -{ la y 5 V,aV 5 - + e abc V b aM c 

- l -(V^o)V,aM a - ^ a y s e-^[D„ V 5 ]e*° j) , (3.5b) 

which induces the following transformation of the torsion tensors: 

S'= e a (S + , (3.5c) 

Cl = (c o+ i( 7 „7[P 7 ,© s ])eV (3.5d) 

K = -WfD 2 - 477)e~ 17 . (3.5e) 


ffere the parameter cr is an arbitrary real scalar superfield and we have defined T> 2 := 
T> a T> a and T> 2 := 'D (i D n . The super-Weyl invariance (13,5ft is intrinsic to conformal 
supergravity. For every supergravity-matter system, its action is required to be a 
super-Weyl invariant functional of the supergravity Weyl multiplet coupled to certain 
conformal compensators, see [23 EH for more details. 

There exists an important super-Weyl invariant descendent of the torsion compo¬ 
nents C a p and S that is worth mentioning. Using the above super-Weyl transformation 
laws, one can check that the following real vector superfield [ 63] 

W a /3 — — ■^[T >7 , (P 7 ]C ai a + — [D( a , + 2SC a p (3-6) 

transforms homogeneously, 

Ke = ■ ( 3 . 7 ) 
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The superfield is the J\f = 2 super-Cotton tensor and it vanishes if and only if the 
curved superspace is conformally flat [28]. Using the Bianchi identities one can find 
the following equivalent form for the super-Cotton tensor HZ]: 

- e aic V l C c - 2 SC a . (3.8) 

The covariant derivative algebra of conformal superspace is expressed entirely in terms 
of the super-Cotton tensor, see appendix [A] 

3.2 Type I minimal supergravity in conventional superspace 

Type I minimal supergravity makes use of two compensators, a covariantly chiral 
scalar $ and its conjugate The chiral compensator is defined to be nowhere 
vanishing, have U(l)# charge equal to —1/2, 

= 0 , , (3.9) 

and possess the super-Weyl transformation law 

$' = e^cf) . (3.10) 

In general, the U(l)# charge of a chiral scalar and its super-Weyl weight are equal in 
magnitude and opposite in sign [[27] . 

The freedom to perform the super-Weyl and local U(1 )r transformations allows 
us to choose a gauge $ = 1, which implies the consistency conditions 

5 = 0, = 0 , = -c a . (3.11) 

This reduces the structure group from SL(2, R) x U(1) H to its subgroup SL(2,R). 
Instead of imposing the gauge condition $ = 1 (which completely fixes the super- 
Weyl and local U(l)/j freedom), it is more convenient to partially fix the super-Weyl 
and local U(l)ij symmetry by imposing only the conditions (13. lip . The residual 
super-Weyl and local U(l)# symmetry is described by transformations which are 
parametrised in terms of a covariantly chiral scalar parameter A, V a A = 0, and have 
the form [21] 

V a = e^ 3 ~ x ~ x) (v a + £> 7 AM 7a ) , (3.12a) 

V' a = e x+ ~ x (f) a - l -( la ) aP V a \Vp - ^ fa ) a:i V n XV, 

+ £ abc V\X + A)M C - ^(IUA)P 7 AM a ) , (3.12b) 
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where we have introduced the operator V a := V a — i C a J. The covariant derivatives 
[V a ,'D a ,'D a ) do not contain any U(l)# connection and obey the algebra 


{V a ,Vp} = —47 ZM a p , 

{V a ,V p } = -2i {^ c ) a pV c - 2e a aC l5 M l5 . 


(3.13a) 

(3.13b) 


The above partially gauge hxed geometric setting is completely suitable to describe 
type I supergravity and its matter couplings. However, it is not an ideal formalism 
for reducing the supergravity actions to components. From the point of view of 
component reduction, it is advantageous to make use of a supergravity formulation 
with a larger gauge group than that of conventional superspace. Such a framework 
is provided by the Af = 2 conformal superspace developed in [28] . Its important 
features are: (i) it is well adapted to reducing off-shell supergravity-matter actions 
to components; and (ii) conventional superspace is a gauge hxed version of conformal 
superspace. The salient details of Af = 2 conformal superspace are given in appendix 
El Below we show how to describe type 1 supergravity in this setting. 

3.3 The superconformal setting for type I supergravity 

In conformal superspace, the compensator is a primary nowhere vanishing chiral 
superfield <f> of dimension 1/2, 


= 0 , K a ® = 0 , D$ = ^<f> . 


(3.14) 


The chirality of <f> fixes its U(1 )r charge, = —10$. We define the component fields 
of $ as follows: 



(3.15) 


Similar to the Af = 1 case, one can use the compensator $ to introduce dimen¬ 
sionless and U(l)ij neutral covariant derivatives, 3>a = @a, ^ a ), that take every 

primary superfield to a primary one. They are defined by 



(3.16a) 


j(7.)“'’{®«, %} . 


(3.16b) 


One can explicitly check that 


^4$ = 0 , 


(3.17) 
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which tells us that when acting on primary superfields the graded commutator [S’a, S>b} 
contains no U(l)# curvature. 

When acting on primary superfields the operators $>a satisfy the algebra 

{S> a ^p) = —4MM a p , {3> a ,3>p} = 4&M a/ 3 , (3.18a) 

{@ a , = —2\3> a p - 2 e a ^ 5 M l5 , (3.18b) 

where we have introduced the primary superfields 


St := - 7^5 V 2 $ , 

4* 3 

(3.19a) 

1 / 1 \ 


(3.19b) 


which are dimensionless and U(l)# neutral. The algebra of covariant derivatives 
(I3.18P formally coincides with (I3.13p . 

We can relate the superconformal framework to the one of conventional superspace 
by gauge fixing the additional symmetries. We can use the conformal boosts and S- 
supersymmetry transformations to impose the gauge condition 

Ba = 0 , (3.20) 

which degauges conformal superspace to conventional superspace [28]. The compos¬ 
ites (I3.19P become the following super-Weyl invariant objects 

= -^([£>(a,A3)] ’ (3.21a) 

■* = ~4i3 ( ® 2 “ 4fl) ® • (3 21b) 

while the super-Cotton tensor of conformal superspace W a p coincides with (I3.6p . 
Upon imposing the additional gauge condition 


$ = 1 , 


(3.22) 


the composites (I3.19P coincide with the torsion components 1Z and C a/ 3 . 

It is also worth mentioning that one can use the compensator to construct super- 
Weyl invariant covariant derivatives in conventional superspace as follows: 


V™ = Ji (v a - V 13 hi + V a In <D j) , (3.23a) 

= -|(7.. (3.23b) 
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It can be checked that these covariant derivatives satisfy the same algebra as (13.18I) . 
Unlike the operators ^ 4 , eq. (I3.16p . they do not annihilate the compensator 4>. 

Many supergravity models may be constructed as integrals over J\f = 2 superspace 
of the form 

S= j S a zEC , (3.24) 

where C is a real primary superfield of dimension 1 . One can also use the chiral action 
principle 

S c = j d ^ 2 z c £ C c , d 3 ' 2 z c := d 3 xd 2 0 , (3.25) 

where C c is a primary chiral scalar of dimension 2 and £ denotes the chiral densit y^. 
Every action (13.241) can be rewritten as a chiral action because of the relation [27j 

J S a zEC = ~ J d 3 l 2 z c £V 2 C c . (3.26) 

The chiral action can be reduced to components using the component reduction for¬ 
mula [171 1T8] 

& = ~\J d 3 x e [V 2 - 2 i( 7 a ) Q/ # a “V^ - 2e abc { la ) a ^ b a ^] C c \ , (3.27) 

where 0 a ^ = e a m, 0 m /3 and -0 a 13 — e a m 'ipm^ denote the gravitini. The component fields 
of the Weyl multiplet were defined in [29]. The vielbein e m a , the gravitini and 
-i/v/, the U(l)i? gauge field V m and the dilatation gauge field b m are defined as the 
lowest components of their corresponding superforms, 

e m a ■= E m a | , 0 m Q := 2E m a \ , V m := 4> m | , b m := B m \ . (3.28) 

At the component level we will be mainly concerned with bosonic fields. 

Using the above results one can construct general actions of the form 

S= I d^zE^QZ^,&££,■■■) , (3.29) 

where £ is a dimensionless superfield constructed out of the torsion components 3T 
and their covariant derivatives S>a- As for J\f = 1 , we will focus on actions that in 
components involve at most curvature squared terms. 

To fix the additional symmetries in our invariants one can make use of the gauge 
conditions (I3.20j) and (j3.22j) which correspond to the following conditions at the com¬ 
ponent level 

0 = 1 , Ca = 0 , b m = 0 . (3.30) 

11 The explicit expression for £ in terms of the supergravity prepotentials is given in [55] . 
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The first condition fixes the dilatations and U(l)i? transformations, the second fixes 
the S'-supersymmetry transformations and the last fixes the conformal boosts. 


Some useful results for identifying curvature terms in the actions we construct are 
given below with the gauge conditions (13.301) (compare with (12.271) ): 

□0 = —R + fermion terms , (3.31a) 

8 

1 23 1 

□ 2 — = R ab R ab - R 2 - D a D a R + fermion terms , (3.31b) 

0 64 8 

where we have defined 

□0 := V“V a $| , 

q2 t := V“v a v b v4l 

0 <E> 

and introduced the covariant derivative 

D a = e a m (d m - ^u m bc M bc - i V m J - 

3.4 Supergravity invariants 

In this subsection we construct supergravity invariants in superspace by making 
use of the composites (j3.19f) . 


(3.32a) 

(3.32b) 

(3.33) 


3.4.1 The supergravity action 

The type I minimal supergravity action with a cosmological term was given in 
da in conventional superspace. It is straightforward to lift the action to conformal 
superspace and is given by 

S = — S'sg + (AS'cos + c.c.) , (3.34) 

K 

where 

S SG = -4 J d 3 l 4 zE$$ , (3.35) 

Scos = I d 3 ' 2 z£$ 4 (3.36) 

and A is the cosmological constant, which can be complex in general. The above 
action contains the Einstein-Hilbert term, — since one finds the term —40D0 
at the component level in the action. The detailed component analysis for type I 
supergravity can be found in Id- 
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3.4.2 The RM n invariants 


A locally supersymmetric invariant containing a R M n term is given by 

S RM n = I d 3|4 z£$$f n = J S 2 z£M n+l § 4 . (3.37) 

The corresponding invariant at the component level contains a term proportional to 

\n _ 

M/0 3 I 0D0, which upon gauge fixing gives rise to the term 


(n + 1 ) 


RM n . 


(3.38) 


The component action at the bosonic level was explicitly given in 


3.4.3 The scalar curvature squared invariant 

A scalar curvature squared invariant is described by 

Sscalar^ = ~4 J Z E ~ J d^Z E (V 2 $). (3.39) 

One can show that the above invariant will involve a term proportional to l/(00) 2 n0d0, 
which gives rise to the scalar curvature squared term — j^R 2 at the component level. 
One can check that the action also contains a |M | 4 term. At the component level the 
explicit bosonic action was explicitly given in [ 22 ] . 

3.4.4 The Ricci curvature squared invariant 

An invariant containing a Ricci squared term is given by 

Siw =4 J d^zE^tf*^ . (3.40) 

The above action also can be seen to contain a scalar curvature squared term at the 
component level by making use of the results in m- It therefore makes sense to 
introduce the one parameter family of invariants 

= 4 J d 314 ^ E 4>$ (V a/ V Q/3 + , (3.41) 

where ( parametrizes the scalar curvature squared contribution. 

It should be mentioned that an alternative invariant containing a Ricci curvature 
squared term may be constructed and is given by 




where we have defined 


s = v fl v a v 2 i = v a v 2 v a i = v 2 v a v a i . (3.43) 

$ $ $ 

Remarkably, one can check that the superfield 5 is both chiral and primary. It 
corresponds to the dimension 5/2 composite constructed at the bosonic level in [ 22] , 
The fermionic terms may be recovered by straightforward component reduction of 
our result. It is also worth noting that the invariant (13 ,42ft can be written in terms 
of the conventional superspace formulation of [27] as follows: 


S* = 


lfs‘ zE {^v af l + 


11 C af3 C ad 67777 1\ - 1 

-+ —=- + 8C Q/3 (XU-)£W 

44><f> <h<h V $7 




652 JL V ^ C + 

2$$ ap 24> 4> 


6 i n - 6f? < h 2 

- m vv ° s ~ -w 


iWi 


<h 


4> 


+ c.c 


(3.44) 


Note that in the gauge where $ = 1 we have 

S — 0 , T) a pQ = ——C a g (3.45) 

and the action (13.441) simply becomes 

S s = 4 J d m zE(c afi C a p - ^7777) . (3.46) 

It follows that the action (13.42)1 coincides with S _ 3 / 4 . 

Upon reducing to components and imposing the gauge conditions (13.201) and 
(13.22ft . the action (13.46ft gives rise to the following combination of Ricci and scalar 
curvature squared terms: 

23 

R ab R ab - -R 2 . (3.47) 

A pure Ricci curvature squared invariant can be identified and is simply given by 

= S 5 = 4 J d 3|4 £ E 4>i> (V a/ V a/3 + 5^f) . (3.48) 


In the above we have restricted our attention to curvature squared terms. However, 
our approach naturally provides a means to address locally supersymmetric function¬ 
als containing higher powers of the curvature tensor and its covariant derivatives. 
One can simply consider other actions of the form (13.291) . which involves covariant 
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derivatives of the primary superfields (13.191) . Amongst the descendants of (j3.19[) it is 
worth mentioning the following rank 2 symmetric spinor 

= ■ (3.49) 

which is related to the super-Cotton tensor W a p by the rule 

W a p = (<h4>) 2 ^ . (3.50) 

The super-Cotton tensor is independent of the compensator <3> and satisfies the con¬ 
dition 

V e W al3 = 0 . (3.51) 

3.5 Models for massive supergravity 

The invariants in the previous section are useful building blocks in the construc¬ 
tion of massive supergravity. In this section we analyse the dynamics of a general 
supergravity model and determine the conditions in which we have massive super¬ 
gravity. 

We consider the supergravity model)! 

S = —Asg+ h2>S , scalar 2 +/ i 3>S'Ricci 2 +—‘S'cSG + f-^'S'cos ThO^M 3 + C-C-) • (3.52) 

K H V / 

Here A, /i 0 and /xi are allowed to be complex in general. The action for Af = 2 
conformal supergravity, Sqsg, was originally constructed in [33]. Within the confor¬ 
mal superspace approach [28], its construction was given in [29]. In what follows we 
assume g 3 > 0 as in [ 22 ] . 

Varying the action (13.521) with respect to the compensator $ leads to the equation 
of motion 

0 = 4A - - 2 /r 0 ^ 2 - ^/i 0 (# 2 - 4^)^ - 

+ i(/r 3 - p, 2 )( J> 2 - 4^)(^ 2 - + (/i 3 - 2/i 2 )^(# 2 - 4^)^ 

-2p , 3 (# 2 - 4^)(<TX) . (3.53) 

As in the Af = 1 case there is no contribution proportional to /V 1 since the conformal 
supergravity action is independent of the compensator. The equation of motion for 
the conformal supergravity prepotential is 

— HA /3 + T a p = 0 , (3.54) 

h 

12 The class of supergravity models considered here is more general than those considered in [52; 
because we have allowed some of the coupling constants to be complex. 
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where /j is related to n by a multiplicative constant and the supercurrent T a p is 


(<D$)- 2 T q/3 = -T^ a p + /i 2 T (sca2) Q/3 + /i 3 T (Ric2) a/3 

K 

+ (aiqT (m3) q/3 + /xiT (M4) a/3 + c.c.) , (3.55) 

where 

T (SG) a/3 = , (3.56a) 

T( M " +2 )^ = -^([%, ^)] + 4^)^ , (3.56b) 

O 

T (sca2) a/3 = -^([%, %] + 4 ^ q/3 ) (( f ^ 2 - + (# 2 - 4 ^)^ - 

, (3.56c) 


T (Ric2) a^ = %](^ + # 2 ^) + ®p } \(^% S ) 

Z o Z 

+ ^a/3(^ 2 ^ + #^) + 2 i^ 5 (#( Q ^ 3 75) + %^ 75) ) 

+ |(# Uf )^ 7 + |(^)#^ 7 + y 

+2'^ a/3 'if 7 'V 7 * - 8^( C 7 %) 7 ,5 - ^ a pMM . (3.56d) 


Here we have defined 

^ 7 = -i%^ 7) • (3.57) 

One can check the supergravity equation of motion (13.5411 by making use of the results 
for the deformation of the prepotential in appendix [Cj which imply 


1 


S-^CSG 

h 


aScso = / ^zESH^W^ , 

The supercurrent T a p obeys the conservation equation 

V %8 = 0 


= / d ^zEdH^T, 


ap 


(3.58) 


(3.59) 


when the compensator obeys its equation of motion (13.531) . 

The supergravity equations (13.53(1 and (13.541) are automatically super-Weyl invari¬ 
ant. Upon imposing the gauge (13.20(1 and reducing to conventional superspace, the 
local super-Weyl and U(1 )r symmetries may be fixed by imposing the gauge 


$ = 1 . 


(3.60) 


This is equivalent to making the replacements 3>a 77 a, ^ap —■► C-ap and —> 

1Z everywhere. The super-Weyl invariance can be restored by making the inverse 
replacement. In what follows we will assume the gauge condition (I3.60p . 
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We are interested in maximally supersymmetric solutions of the supergravity equa¬ 
tions of motion. In type I supergravity backgrounds, all maximally supersymmetric 
backgrounds PH ED] are characterised by dimension- 1 torsion superfields under the 


following constraints 

5 = 0 , nc a = o, v a r = o, v A c b = o. (3.6i) 

The complete algebra of covariant derivatives is 

{V a ,Vp} = -ARM a p , (3.62a) 

{V a , V 0 } = -2i^ c ) a p (v c - iC c j) + 4 e a pC c M c , (3.62b) 

[V a , V p ] = \£ ahc {^ b )p 1 C c V 1 - i( 7 a )p^HW , (3.62c) 

[D a , V b \ = Ae abc (c c C d + 6 c d nn^ M d . (3.62d) 


The equations of motion (13.53ft and (13.541) simplify significantly for maximally 
supersymmetric backgrounds where we have the conditions 

C a = 0 , 7 Z — R 0 = const . (3.63) 

In this case the supercurrent and super-Cotton tensor vanish, 


T a p — W a p — 0 , (3.64) 

which means that (13.541) is identically satisfied while the equation on the compensator 
reduces to 

0 = 4A — — Rq — + 2/IqTZq'JZo — 5h±Rq + 3JiiRqRq + A^R^Ro . (3.65) 

K 


We now consider perturbations in the model (13.52ft about the maximally super- 
symmetric solution: 

R = R 0 + /\R , C a p — £±C a p ■ (3.66) 

The equation of motion on the compensator becomes 


0 


- AjioRo + 2/iqTZq — + 3/ii77.Q + 8 /i 2 77o77o )AR 


K 


2Rq (/iq + 3/iiRq) + 4/i 2 7^5 j A 77 


+ ^ — — (/io T ^^i^o) — H2Rq^T>~£TR 
+ (^2 — /^3 )Ro'T >2 AR — - ( I-I 2 — ^)f> 2 T> 2 AR . 
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(3.67) 









Thus we see that ATI is propagating in general. However one can simplify the equation 
of motion (I3.67P by turning it into an algebraic one by setting 


h 2 = ^3 , (3.68a) 

0 — /to T 3/ZiT^o + 2/i 2 n 0 . (3.68b) 

The generic case is characterized by the condition 

—b —(hiTZq + /2i^5) — 3p 2 |^ 0 | 2 0 , (3.69) 

k 4 

which requires ATZ = A TZ = 0 . Then the supergravity equation of motion reduces to 
- ^-[V\V,][V 5 ,V 5 \AC a p + -^{V\V,\AC a0 

o 4 fl 

+ ^ 2 ^ — ~ -pi^-o) AC a fj = 0 , (3.70) 

which gives 

H:{D h T) b AC a + -^-£ a }, c T> b AC C + + 8 /X 3 |7^o1 2 — -(p 1 77-5 + AC a = 0 • (3-71) 

By linearizing the Bianchi identity (13. 4 p about the background chosen one can see 
that A C a p is divergenceless V' 3 AC a p = 0. 

In general for a symmetric spinor T ai ... an = T( ai ... an ) that is divergenceless, 

'D a T aai ... an _ 1 = 0 , (3.72) 

one can check the following identity holds in the background chosen 

V p TX t V 1 T ai ... an _ 1 p = V f 3 V' 1 V 1 T ai ... an _ lP = 0 . (3.73) 

This implies that the operator \'D 1 T > 1 preserves the divergenceless condition of the 
superfield A C a p. 

In the case p 3 7 b 0 we may write the equation of motion in the following factorized 


form 






) ^2 VbV& ~ m+ ) ACaf3 = ° ’ 

(3.74) 

where 





m. |_ — m_ = - 

1 

2 /ip 3 

(3.75a) 


m + m_ = - 

4 ^ 3 L 3/ii ^° 3 ^°) • 

(3.75b) 
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The constants m+ and m_ are real for 


1 

4yU 2 /i3 “ 


3/i i 77 q 3/Ui7^5 

K 


(3.76) 


The supergravity model (13,52ft leads to massive supergravity for different choices of 
parameters. For instance, we can see from eq. (I3.76P that in a Minkowski background 
with p 3 > 0 and /i = oo we must have either a negative Einstein-Hilbert term (k < 0) 
or no Einstein Hilbert term (k —> oo) for massive supergravity. 

In the case where /i 3 = 0 and /j is finite we have the equation 


- rn)AC a p = 0 , 


where m is given by 


,1 3 

m = -p( - - -/q/7 

> /A A 


3 _ ^2 
2 1 1 1 


(3.77) 


(3.78) 


When /i 0 = /i! = 0 we have topologically massive supergravity. 

One should note that the supergravity model (13.52j) is more general than the one 
considered in [22] since the model contains 9 real free parametersThis leads to an 
important consequence. In contrast to [22] we have shown that we can eliminate the 
degrees of freedom associated with the torsion superfield 77 in any AdS background 
satisfying eq. (13.651) that otherwise propagates since 77 is coupled to a product of 
propagating fields. Its elimination can be seen to coincide with removing the con¬ 
tribution from the R(M + M) 2 and R(A4 — M) 2 terms in the component action to 
the linearized equation of motion. These terms contribute to highly non-linear inter¬ 
actions upon imposing the equation of motion on M. In [22] the R(M + M) 2 term 
was eliminated by a choice of constraints, which coincides with p 0 = 0, eq. (j3.68a[) 
and Hi = — §A* 2 - Imposing these constraints and expanding about a background with 
77o = 77 0 we see that (I3.68bft is identically satisfied and one recovers the factorisation 
(13.73ft . However, it is important to note that the factorisation holds for the model 
defined by the constraints (13.68a)) and (13. 68b p about any AdS background satisfying 
eq. (I3.65p . 

It is worth mentioning that there exists other type I maximally supersymmetric 
backgrounds DU defined by the conditions 


77 = 0 , C a = const . (3.79) 

13 The cosmological constant can be made to be real via a rescaling of the chiral compensator, 
$( 2 ) ->• e ia $(2). 
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In this case the equation on the compensator reduces to 


A = 0 , 

while the supergravity equation of motion fixes C 2 := C a C a as follows 

C 2 = —— . 

8 ft/13 

We do not discuss linearization about this background here. 


(3.80) 

(3.81) 


4 J\f = 2 supergravity models with a real linear 
compensator 

The J\f = 2 conventional superspace formulation was presented in the previous 
section where it was also shown how to describe type I minimal supergravity with the 
use of a chiral compensator and its conjugate. Type II minimal supergravity, which 
makes use of a real linear compensator, can be described similarly with conventional 
superspace. In this section we show how to do this and generalise the geometric 
framework to a superconformal setting. 

4.1 Type II minimal supergravity in conventional superspace 

Type II minimal supergravity makes use of a real linear compensator G. The 
compensator G is defined to be nowhere vanishing and satisfy the following constraint 

( V 2 - 47 l)G = 0 . (4.1) 

The superfield G transforms homogeneously under super-Weyl transformations, 

G' = e ff G . (4.2) 

Since G is nowhere vanishing the super-Weyl transformations permit us to choose 
a gauge where G = 1, which leads to the consistency condition 

7^ = 0 . (4.3) 

We may refer to the superspace subject to the above conditions as type II geometry. 
Supergravity models constructed with type II geometry are often referred to as AT = 
(2, 0) supergravity or type II supergravity. Imposing only the conditions (14.311 and 
keeping in mind eq. (I3.5cl) . one can see that the residual gauge transformations are 
generated by the superfield a subject to the constraint 

V 2 e~ a = 0 . (4.4) 
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4.2 The superconformal setting 

Type II geometry can be used to describe type II supergravity and its matter 
couplings. However, as mentioned in previous sections, it is advantagous to make 
use of conformal superspace from the point of view of component reduction. The 
more general framework can always be reduced to conventional superspace. Below 
we elucidate the description of type II supergravity in this setting. 

4.2.1 The real linear compensator 

In conformal superspace, the real linear compensator G is a primary nowhere 
vanishing scalar superfield of dimension 1 , 

V 2 G = 0 , D G = G , K a G = 0 . (4.5) 

The constraint (14.5ft allows us to express G in terms of a prepotential V as follows: 

G = iV"V 0 V , (4.6) 

where V possesses the gauge transformations 

5V = A + A, V q A = 0 , (4.7) 

with the gauge parameter A being an arbitrary covariantly chiral dimensionless scalar. 

One can associate with V a gauge one-form V = E a Va describing the vector 
multiplet. Modulo an exact one-form, we can choose the components of V as follows: 


v a = iV Q V , V a = -iV Q V , Va = -i( 7 a) a/3 [V a , V^]V . (4.8) 

The corresponding gauge-invariant field strength is simply given by F — dV. In the 
complex basis the field strength is 

F = E? A E a F aP + E & A E a F af} + E? A E a F a p + X -E b A E a F ab , (4.9) 

where 

F a p = -2 E a/3 G , (4.10a) 

F a /3 = i( 7 a)/V 7 G , (4.10b) 

Fap = -i(7a)/V 7 G , (4.10c) 

F ab = \e abc ^y S N„ V 5 ]G . (4.10d) 
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One can use G to construct dimensionless covariant derivatives that preserve the 


primary property of superfields. They are given by 

= G“*(v a - (V^ In G)M a p + (V a In G)J — (V a In , (4.11a) 

a) af3 {® a , + i VaJ + 2 ^M a , (4.11b) 

where we have defined 

J^:=-^V"V 7 lnG, (4.12a) 

:= -^[V( Q ,V^)]— . (4.12b) 

One can check that G is covariantly constant with respect to a- Furthermore, on 

primary superfields the covariant derivatives 9)a satisfy the algebra 

{@ a ,@p} = 0, (4.13a) 

{® a , = -2i^ Q/3 - 4i£ afj /SJ + 4i YM a p - 2e a ^ 5 M l5 , (4.13b) 

which formally coincides with the algebra (13. 3 p with 1Z = TZ — 0. 

General supergravity invariants may be realized in the form 

5= /d 3|4 2 FG£(G,^^,f 2 ^,---), (4.14) 


where £ is a dimensionless superfield constructed out of the torsion components &, 
their covariant derivatives and the compensator G. 

We can relate the superconformal framework to the one of conventional superspace 
by gauge fixing the additional symmetries. We can use the conformal boosts and S- 
supersymmetry transformations to impose the gauge condition 

B a = 0 , (4.15) 

which degauges conformal superspace to conventional superspace. The composites 
(I4.12p become the following super-Weyl invariant objects 

J^:= + as) , 

:= --([£>(«, IV)] - 4C«^) — 

Upon imposing the additional gauge condition 

G = 1 , (4.17) 


(4.16a) 

(4.16b) 
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the composites and 5? can be seen to coincide with the torsion components C a p 
and S, respectively. 

It is worth mentioning that one can use the compensator to construct super-Weyl 
invariant covariant derivatives in conventional superspace as follows: 

2?1 C) = (H (V a - (V 0 In G)M Cifi + (V a In G)fj , (4.18a) 

T>f = + i+ 2 SPMa , (4.18b) 

where and 5? are given by eqs. (14.1611 . It can be checked that these covariant 
derivatives satisfy the same algebra as (14.1311 . Unlike the operators eq. (14.lip , 
they do not annihilate the compensator G. 


It is worth noting that GGA turns out to be proportional to the composite linear 
multipletQ 

= ■' 


G := iV 7 V 7 In 


= iV 7 V 7 In G , 


(4.19) 


where is an arbitrary dimension 1/2 chiral superfield. The composite G will be 
useful in the construction of supergravity invariants. 


It should be mentioned that one can construct other composite multiplets by 
simply choosing the prepotential V of a linear multiplet to be built out of G. It is 
also possible to engineer composite linear multiplets with the use of a number of real 
linear multiplets For example, we can construct the following composite linear 

superfields: 


0.4 = iV 7 V 7 Ul(G I ) , 


G b = iV 7 V 7 In 


r B(G l G 
. <M> \ ’ 


(4.20) 


where A is a real homogeneous function of G l of degree zero and B is a real homoge¬ 
neous function of G 1 of degree 10 


Gl a^ = °- = 

We will not make use of the composites and Gg in what follows. 


(4.21) 


4.2.2 The BF action 

One can perform component reduction of superspace integrals by reducing to a 
chiral subspace and making use of the component reduction formula (13. 27(1 . However, 

14 This composite first appeared explicitly in conventional superspace in m- 
15 Models with a number of real linear multiplets were considered in |JT. 

16 The composite vector multiplets constructed in [22] coincide with B = CijG^' 1 with Cij a 
homogeneous function of G 1 of degree - 1 , G i ^ t Gjk = — Gjk- 
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many of our type II supergravity invariants can be conveniently rewritten as a BF 
term for a composite linear multiplet. The locally supersymmetric BF action can be 
written as 


S B f = Jd 3l4 zEVG. (4.22) 

Here V = V is the gauge prepotential of an Abelian vector multiplet, and G is a real 
linear superfield. The BF action reduces in components to j[L8] 

Sbf = ~IJ d 3 x e (< s abc v a f bc + ^A 7 A 7 + ^A 7 A 7 + gh + gh 

— (<A 5 + g^ s ) + 2 { r y a )"/s' l l J a 1 + g A 5 ) 

-ie a6c (7a) 7 ^6 7 '0c' 5 5'y) , (4.23) 

where the component fields are defined bvF^I 


g :=G | , A q := -2V Q G| , A Q := -2V Q G| , h := iV 7 V 7 G| , (4.24a) 

(4.24b) 


v ■= e m V I = e a V I 4- -ib a V I 4- -ib V 

u a ■ °a v m \ v a\ i ^ 'Em v a\ ' c^^rma* 


The component field strength can be constructed as follows 

fab ■= F a b\ ~ - ^[a P F b ]g\ ~ a^bf F a p 

= \e^(i c y s \V-„ Vj]G| + 

-^[a /3 (76])/3 7 A 7 + • 


(4.24c) 


The same definitions hold for the component fields of G. The component fields of 
the Weyl multiplet are defined as in the type I case. 


To fix additional symmetries in our invariants one can make use of the gauge 
conditions (14.15jl and (14.17ft . which leads to the following gauge conditions at the 
component level 

9 = 1 , K = o , b m = 0 . (4.25) 


The first fixes the dilatations, the second fixes the S - super syrri met r y transformations 
and the last fixes the special conformal boosts. To see what the invariants we construct 
correspond to at the component level we give the following useful results in the gauge 
(14.251) (compare with (12.271) ): 


Ug 


-R + fermion terms 
4 


J 


17 The supersymmetry transformations of the component fields were given in [T8j. 


(4.26a) 
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(4.26b) 


0 2 g = R ab R ah — -R 2 + -D a D a R + fermion terms , 
8 4 


where we have defined 


n g := V“V a G| , 
n 2 g ■= V a V a V 6 V 6 G| 


(4.27a) 

(4.27b) 


4.3 Supergravity invariants 

We will write down actions for various supergravity models by constructing a 
superspace Lagrangian built out of G, the composites (14. 12 aft and ( I4.12bjl . and their 
^-covariant derivatives. 


4.3.1 The supergravity action 

The type 11 minimal supergravity action with a cosmological term was given in 
mi in conventional superspace. In conformal superspace it is given by 


where 


S — — Ssg + AS'cqs , 

K 


^ = 4/d**£Gln(|L), 
y ros = 4 f d ^zEVG 


(4.28) 

(4.29a) 

(4.29b) 


and A is the cosmological constant. Integrating by parts leads to the following equiv¬ 
alent form for Ssg'- 


S sg = 4 / S A zE VG = -16 / d^zEVGy . 


(4.30) 


The corresponding component action may be derived by putting G —» G into the 
BF action (14.2317 It is straightforward to show that the component field h contains a 
term proportional to jOg. Making use of the gauge conditions (14.251) and the results 
(I4.26K . one can see that it gives rise to the Einstein-Hilbert term in the component 
action. The cosmological term comes from the U(l) Chern-Simons term described by 
the invariant S cos . The full component action for supergravity with a cosmological 
term was analysed in detail in [TT j. 
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4.3.2 The Rh n invariants 


One can construct an invariant containing a Rh n term with n > 1 as follows 


5 


Rh” 



(4.31) 


Upon integrating by parts one finds the equivalent forms 

S Rhn = I d 3 ' 4 zEVG n = I S 4 zE G^ln (JL) , (4.32) 


where 

- /G\ n 

G n = iV 7 V 7 (^—J . (4.33) 

The component form of the above action can be obtained from the BF action (14.23P 
by putting for instance 

G -> G n (4.34) 

into the BF action 04.231) . ft is straightforward to check that the component action 
contains the term 


3n(n — 

lfT 



(4.35) 


upon imposing the gauge conditions (14.250 . 

For n — 1 the invariant (14 .31 f) vanishes and so we have to consider the n — 1 case 
separately. A locally supersymmetric invariant containing a Rh term is described by 


S, 


Rh 


[ d 3|4 ^UGlnf-i") = 16 , 

f S 4 zE Gy In 

/ v<m>; J 

V$4>/ 


(4.36) 


The component action can be worked out by putting G —> G and G —> G into the 
BF action 04.230 . It gives rise to a term proportional to ^which upon gauge 
fixing leads to the Rh term in the component action. The bosonic action was explictly 
given in [22] , 

It is important to note that in the n — 2 case the action also contains a scalar 
curvature squared term. However, as was discussed in [22], an independent invariant 
containing a curvature squared term is not known to exist. This can be attributed 
to the fact that only a real scalar composite y can be constructed from the linear 
multiplet, while for the type I case one can construct a complex scalar composite 
leading to an extra invariant. 
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4.3.3 The Ricci curvature squared invariant 


An invariant containing a Ricci squared term is given by 

SW =4 J d. (4.37) 

The action also contains a scalar curvature squared term contribution. This can be 
checked by using the results of H7j. It is natural to introduce the one parameter 
family of invariants 

= 4 J d 314 ^ E G(tf a ^ a p + C y 2 ) , (4.38) 

where ( parametrizes the scalar curvature squared contribution. 

The invariant S' Ricci 2 = S 0 can be seen to correspond to the one given in [22] with 
the gauge conditions (14.1 5p and (I4.17p . In this gauge we find 77 = 0 and C Q( g satisfies 
a constraint reminiscent of a Af = 2 Yang-Mills multiplet 

V 2 C af) = 0 . (4.39) 

The above constraints mean that the supersymmetry transformations of C a p can be 
put into one-to-one correspondence with a Yang-Mills multiplet. The action with the 
gauge conditions (14. 15(1 and (I4.17P reads 

S R icci 2 =4 J S 4 zEC a0 C aP . (4.40) 

However, we can identity this action up to some multiplicative constant as a special 
case of the Yang-Mills action 

Jd 3 l 4 zEtrg 2 , (4.41) 

where Q = and we are tracing over the Lorentz group. Therefore we can 

equally construct the action in the gauge G = 1 using the correspondence with 
the Yang-Mills multiplet. This provides a geometric explanation for the procedure 
employed in [22] at the component level. However, in our approach it is not necessary 
to work in the gauge (I4.25P since one can just use the action (14.371) . 

Finally, It is worth mentioning that a pure Ricci curvature squared invariant is 
given by 

= s. 40/3 = 4 J d 3 ' 4 ^ E G - y y 2 ) . (4.42) 

In the gauge (I4.25P it gives rise to a R ab R a b term in the component action. 
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It should be mentioned that although we have restricted our attention to curvature 
squared terms. Similarly to the type I case, one can always consider higher derivative 
and locally supersymmetric actions by considering other instances of the action (14. 14ji . 
One should mention the following important descendent of the primary composites 

(EG}: 

^ + 2J^ q/ 3 • (4.43) 

It is related to the super-Cotton tensor W a p as 

W aP = . (4.44) 

It should be kept in mind that the super-Cotton tensor is actually independent of the 
compensator G. 


4.4 Models for massive supergravity 


In this section, in analogy to type I supergravity, we analyse the equations of 
motion for a general supergravity model and determine the conditions in which we 
have massive theories of supergravity. 

We consider the following type II supergravity model 

S = XS cos H— Ssq + — Sqsg + ^iSnh + + 7 t 3*S'Ricci 2 , (4.45) 

k /i 

where k, p , /i \, p 2 and p 3 are real, and we make use of the invariants defined in 
subsection 14.31 Here Scsg denotes the Af = 2 conformal supergravity action given in 
our conventions in 29]. Here we assume /i 3 > 0 as in 122 . 

The equations of motion corresponding to the theory with action (14.451) can be 
derived by varying the action with respect to the prepotential V of the real linear 
compensator G. One finds the equation of motion on the compensator to be 


0 = \S> a Q> n 


8my - 2/i 2 (i @p@py + 2i^ 2 ) + /i 3 (2i ^^y - 


7 a(3 


+2A - -y. 

K 


(4.46) 


The equation of motion for the conformal supergravity prepotential is 


— W a p + T a p — 0 , 
/i 


(4.47) 
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where /j is related to jl by a multiplicative constant. One can find the supergravity 
equation of motion (14. 47ft by making use of the results for the deformation of the 
prepotential in appendix O which imply 

SSc&G = I d 3 ^zE5H^W a0 , 5 

It can be checked that the supercurrent T a g is given by 


S — —Scsg 

/i 


= / S A zE 8 H o 0 T, 


a/3 


(4.48) 


T a p = G 2 X 


a/3 


(4.49) 


where 

T a p = + -T^ a p + hiT (Rh) a/j + lioT^ aP + fi 3 J (Ricci2) a/3 , (4.50) 

and 


T^ af) = 2[^ cn ^)}V , (4.51a) 

T (SG) Q/3 = 2^ q/3 - 4^[%*, @ p) ]V , (4.51b) 

T {1Zh) a0 = 4 ([%, %] + 4& af) )S' + 8 ([%, %]V)i^# 7 ^ , (4.51c) 

= -(-4) n { ^([%,,%] + 

+ n(n ~ 1) ^ n - 2 (%^)# /3 )^} 

-^^([%, %]V)i^ 7 # 7 (/ri^ 7 ^ 7 ^ (n - 1) + 4(n - l)J^ n ) , (4.51d) 

T ( Ri cci 2 )^ = _1 # 5 ]<^ a/3 _ 4iT^ Q/3 + i% 7 [^, %,]%, 

+24^ a/37 ^ 7 ^ - 24^ 7 # 7 ^ + [%*, 9^^ 

— + 4^ 7 ' 5 (i%^ 75) + i 0 ( a ^f)) + 

-4i^[^ 7 , # 7 ]^ - 8ye cab { lc ) a ^ a % - 32J? 2 V af) 

+ ([%,%]V)i^ 7 # 7 (2i^ 7 # 7 ^-^^ a/3 ) . (4.51e) 


Making use of the compensator equation of motion, the above expression becomes 


0 — —W a p + — c ^' a p + 4/i 1 ([f^( Q , ^g)] + 4^^)^ 

fl Hv 


'h 2 


([%, %] + 4^)i^ 7 # 7 ^ + lG^J^)#^ 


h3 

‘ 4 L 


# 7 ][#, # 5 ]^ q/3 + I 6 @ a % tf af) - 4i % 7 [#, %|]^) 7 
96^ a/37 ^ 7 ^ + 96 ^ a01 ^y - 4[%, %]^ 7 < V 7 5 

ifT# 7 J^ - 16^ 75 (i%^ 75) + 1 %^)) - 32^ (q 7 ^ )7 ^ 
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(4.52) 


+ my[9\ ® 7 ]% g + Z2S*e m \ lc ) al3 ®Xt + 128^ 2 % g 

The supercurrent T a g obeys the conservation equation 

^T a g = 0 (4.53) 

when the compensator obeys its equation of motion (14.461) . 

We are interested in maximally supersymmetric solutions of the supergravity equa¬ 
tions of motion. In type II supergravity backgrounds, all maximally supersymmetric 
backgrounds PH EO] are characterised by dimension-1 torsion superfields under the 
following constraints 

TZ — 0, V A S = 0 , T> a Cb = 0 =>• D a C b = 2 £ abc C c S , C a C a = const . 

(4.54) 

The corresponding algebra of covariant derivatives is 

{D a ,Vf)} = 0, (4.55a) 

{V a , Vg} = -2i( 7 c ) q/3 (V c - 2 SM C - i C c J) + 4 e a g (c c M c - \S j) , (4.55b) 

[Da, Vg\ = ie a6c ( 7 b )^C c V, + , (4.55c) 

[Da, v b ] = 4 e abc (C c C d + 5 c d S 2 )M d . (4.55d) 

The equations of motion 1 1. hill and (14.521) simplify significantly for maximally 
supersymmetric backgrounds where we have the conditions 

C a = 0 , S = So = const . (4.56) 

In this case the equation on the compensator reduces to 

So = f A , (4.57) 

and the supercurrent vanishes, 

T a a = W a p = 0 . (4.58) 

The supergravity equations of motion are by construction super-Weyl invariant. 
One can fix this super-Weyl invariance by imposing the gauge 

G = 1 . (4.59) 

Keep in mind that the super-Weyl invariance can be restored by replacing T> a —y @ a , 
C a —> and S —> 5? everywhere. We will assume the above gauge condition in what 
follows. 
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We consider perturbations in the model (j4.45[) about the maximally supersym¬ 
metric solution: 

S = So + A S , C a fj = AC a p . (4.60) 

The equation of motion on the compensator becomes 

0 = -AS - 4(/i! - fi 2 S 0 )iV a V a AS + (/i 2 - /r 3 ) {iV a V a ) 2 AS . (4.61) 

Thus we see that AS is propagating in general. However one can simplify the equation 
of motion (I4.6ip by turning it into an algebraic one by setting 

Ah = ii 2 S 0 , AU — \i 2 ■ (4.62) 

In this case, if ^ 7 ^ 0 we must require AS = 0. 

By linearizing the Bianchi identity (j3.4j) about the background chosen one can 
show that A C a p is divergenceless, 2>' 3 A C a p = 0. Using this condition one can write 
the supergravity equation of motion in the form 

0 = /i 3 (iV' y 'D 1 ) 2 AC a p - (sii 3 S 0 + i-)i2WD 7 A C a p 

+2 (—I S 0 -32 f i 3 S 2 )AC a p . (4.63) 

n / 

Consistency of the previous equation may be checked by making use of a general 
property of symmetric divergenceless superfields in the background chosen. Specifi¬ 
cally, given a symmetric real spinor T ai ... an = T( ai ... an ) such that T> a T aai ... ari _ 1 = 0, 
one can check that the following holds 

= 0 . (4.64) 

This implies that the operator ^T> 7 P 7 preserves the divergenceless condition of the 
superfield AC a p- Thus one can check that (14.631) is consistent. 

ft should be mentioned that (j4.63j) can also be rewritten in terms of vector covari¬ 
ant derivatives as follows 

0 — l J ‘ , sD a 'DaAC a p + ^4/i 3 iSo — ~^j£ cab (^ c ) a pT> a ACb 

+ \{- - -So - 16/i 3 So) AC a p . (4.65) 

2 \ K fl / 

In the case /i 3 > 0 we may factorize (I4.63P as follows 

^T> 7 P 7 + nn_ ) ( - m + ) AC a p = 0 , (4.66) 
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where 


1 


m + — m- = 4d>o + 


m + m_ = —- 


4/^ ’ 


+ 


~S {] — 32lSn 


2\K/J, 3 /i/i,3 

The constants m + and m_ are real for 

4 ^ 13^0 + ~r~ > 2/r 3 ( —|— S 0 — 32/i 3 d>, 


4/i/ 


k fi 


(4.67a) 

(4.67b) 


(4.68) 


Massive supergravity may be described by the model (j4.45j) with various choices 
of parameters. We see from eq. (14.681) that in a Minkowski background (S 0 = 0) 
with /u 3 > 0 and /i = oo it is necessary to have a negative Einstein Hilbert term, 
k < 0 or no Einstein-Hilbert term k —)■ oo. About a non-Minkowski background, 
So 7 ^ 0, the presence of a Rh 2 in the action is problematic for ghost freedom [22J. The 
choice A = 0 and n i = 0 recovers the Af = 2 generalised massive supergravity model 
discussed in [ 22 ] . 

It is worth noting that maximally supersymmetric backgrounds are characterised 
by the more general conditions (I4.54[) . In this case 


S = S 0 = const , C a = Cq = const 


(4.69) 


and the equation on the compensator reduces to 


K 


5„ - -A , 

while the equation for the gravitational superfield becomes 


0 = 


—I - C —b 8 hi )So — 16/j 3 <Sq 


na 

• 


We have already studied the case Ctf = 0. If Cq ^ 0 we have the condition 

—b C—b 8fii)So — 1 6 /j 3 <S ( ] = 0 . 

K \jl / 

We do not discuss linearization about this background here. 


(4.70) 


(4.71) 


(4.72) 


5 Af = 2 supergravity models with a complex linear 
compensator 

In the previous sections we have constructed Af = 2 supergravity models by using 
a chiral and a real linear compensator. In complete analogy to four-dimensional 
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Af = 1 supergravity, see [25] 02| 04] for detailed reviews, 3D Af = 2 off-shell Poincare 
and AdS supergravities can be realised by using a complex linear superfield coupled 
to conformal supergravity. These non-minimal 3D Af = 2 models were introduced in 
[2? , 31] . In this section we aim to show that massive supergravity can be constructed 
in the non-minimal case. 

5.1 Non-minimal supergravity in conventional superspace 

To describe non-minimal supergravity one makes use of a complex linear compen¬ 
sator E that obeys the constraint 

(P 2 -472)E = 0 (5.1) 

and is subject to no reality condition. By definition, the compensator E is chosen 
to be nowhere vanishing and transform as a primary held of weight w under the 
super-Weyl group. The U(1 )r charge of E is uniquely determined [ 27] . 

5 ct E = wa E =>- JE = (1 — w)E . (5.2) 

For every value of w ^ 0,1 the following action 

^non-minimal = [ d 3| S E (EE) ^ (5.3) 

describes off-shell non-minimal Poincare supergravity providing a supersymmetric 
extension of the Einstein-Hilbert term. On the other hand, it turns out that the 
complex linear superfield E is not suitable to construct a cosmological constant term 
and describe AdS supergravity. The way around this limitation was found in the 
four-dimensional case in and applied to three dimensions in [51] . The core of 
the idea is that when w — — 1 the complex linear constraint (15. ip admits non-trivial 
deformations. 

Consider a new conformal compensator T that has the transformation properties 

5 a T = -aT , Jr = 2r (5.4) 

and obeys the improved linear constraint [31] 

— ^(’D 2 — 472.)r = A = const . (5.5) 

This constraint is super-Weyl invariant and the complex parameter A 7 ^ 0 turns out 
to play the role of a cosmological constant. In fact, the action 

S Ad s = -2 J d 3l4 z E (Try 1/2 (5.6) 
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describes AdS supergravity. We can prove this statement by showing that the action 
(15.6p is dual to the type I minimal supergravity action (13.361) . Consider the first-order 
action 


^first-order = f d 3 '^ E ( — + T 4> 4 + f 4> 4 ) , (5.7) 

where $ is complex unconstrained , and T obeys the constraint (15.5ft . Varying Sfi r st-order 
with respect to T yields V a § = 0, and then (15.7(1 reduces to the supergravity matter 
action (I3.36jl where for simplicity we have set k = 1. On the other hand, we can 
integrate out the fields $ and $ to end up with the action (15.6ft . In the following we 
will focus only on non-minimal supergravity where the compensator satisfies (15.5ft . 

Let us now discuss some geometrical properties of the w — — 1 non-minimal super¬ 
gravity within conventional superspace. The super-Weyl and local U(1 )r symmetries 
can be used to impose the gauge condition 

T = 1 . (5.8) 

In this gauge, some restrictions on the geometry occur [27]. To describe them, it is 
useful to split the covariant derivatives as 

T) a = D a + i T a J , T) a = D a + iT a J , (5-9) 

where T a is related to the original complex U(1 ).r connection as T a = — 4> a . In 
the gauge (15.8ft . the constraint [V 2 — 472.)T = —4A turns into 

77 = A + ^ (D a T a + if a f“) . (5.10) 

Evaluating explicitly {V a ,Vp}T and { V a ,Vp}T and then setting T = 1 gives 

D (a T^) = 0 , S = 1 (D a T a - D a T a + 2iT Q f Q ) , (5.11a) 

&a/3 = Ca/3 + ^ D( Q 7/j) + —D ( a Tp) + T( a Tp) . (5.11b) 

If we define a new vector covariant derivative D a by D a := V a — i<h a J, then the algebra 
of the covariant derivatives = (D a , D a , D") proves to be 

{D a , D4 = —2iT( Q D / 3 ) - 477 M aP , (5.12a) 

{D a , D^} = —2iD 0( g — iT( a Dp') + iT^D^) + — e a p(T 1 T) 1 + T 7 D 7 ) 

-2£ aP C 8 M l5 + 4iSM a g . (5.12b) 
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Note that here the independent curvature tensor superfields T a and C a p are of mass 
dimension 1/2 and one, respectively, while both S and 1Z are now descendants of the 
torsion superfields T a and T a . 

Note that the Bianchi identities of the non-minimal algebra imply the following 
constraints 

D Q 77 = 2iT a n , (5.13a) 

D^Ca/3 — ~ — (D a + 2i!T a )fc + 4iD a S . (5.13b) 

Moreover, the constraint defining a real linear superfield becomes 

(D 2 + iT“D„ — 47V)G = 0 . (5.14) 

Such a constraint also holds for S. The expression for the super-Cotton tensor ex¬ 
pressed in terms of the non-minimal covariant derivatives is 

Wa/3 = ~^[D 7 , D 7 ]C a/3 + -[D^D^jS - -T 7 D( Q Ca 7 ) + -T 7 D( a C i a 7 ) 

— ~ —T( a D/3)77 + — T( a D / 3)'^. — — (T/aD^) + + 2* SC a p , (5.15) 

or, equivalently, 

W a /3 = — -[D( a , + —T^oDp^S + -T {a D p) S — £ cab (^ c )ai3^aCb — 2SC a p . (5.16) 

5.2 The superconformal setting 

In conformal superspace the conformal compensator T is a primary superfield of 
dimension -1 and U(l)# weight 2, 

or = -i, jr = 2r , k a t = o, (5.17) 

and satisfies the constraint 

—-V 2 T = A = const. (5.18) 

In complete analogy to the type 1 and 11 cases, using T one can introduce new 
covariant derivatives that take primary superfields to primary superfields. We define 
the new covariant derivatives = (£> a , S> a) S> a ) as follows: 

:= H{v a + ^ V 7 log (rf)M Q7 - -jV a log (£) J+ iv Q log (rf)Dj , (5.19a) 
^ := (rf )5 {v a/3 + ^v (Q log (rf)v /3) + ^ v (a log (rf)v^ 
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+ ^ v (a 5 log (rf )m i 8 ) 5 - ^ (v 7 log (rf )) v 7 log (rf )M a/3 

- ^ (V(a log (rf)) V^) log (E) + (V (Q log (rf)) V^) log 

- Jv Q/J log (E) j + Ev q/ 3 log (rf)ej. 

These covariant derivatives are such that 



(5.19b) 


[O,5U] = 0, [J,^a] = 0, [Ji A ,^ B } = 0, (5.20) 

and satisfy the algebra: 

%} = -2i^ Q % - 4MM a p , (5.21a) 

{^ Q , %} = -2i%p - i^«% + i+ ^ a/3 (^ 7 ^ 7 + 

-2 e a p^M 1& + 4i^M Q/3 . (5.21b) 


Here we have introduced the following primary dimensionless, and U(1 )r chargeless 
superfields 


= ^T5v a log (rf 3 ) , 

(5.22a) 

^ = ^(rf)^v Q v a iog(rr) , 

0 

(5.22b) 

se = -l(r 3 r)3v 2 (rr)-i, 

(5.22c) 

= -l[v (a ,W)](rr)j, 

(5.22d) 


together with their complex conjugates. Note also that T is covariantly constant with 
respect to the derivatives £^ 4 , 


= 0 . (5.23) 

The algebra of covariant derivatives (I5.21ji formally coincides with that of w = — 1 
non-minimal supergravity, (15. 12ft . 

By using the compensator T and the torsion superficld together with its 
descendants, we can construct general actions of the form 

Snm = I d 3|4 z E (Tf , • • •) , (5.24) 

where £ is a primary dimensionless superfield constructed out of the torsion compo¬ 
nents 2F and its covariant derivatives. 
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It is worth underlining the peculiarity of the presence of a primary, spinorial 
torsion in AT = 2 non-minimal supergravity. Its presence is ultimately related to 
the fact that non-minimal supergravity has 4+4 extra auxiliary fields compared to 
the minimal type I and type II cases. Consider the following independent components 
of the complex linear compensator 

b = r|, p a = v Q r|, £ a = v a r| , ( 5 . 25 a) 

h = v 2 r|, P = v“v a r| , Paf} = v (a v^r| , p Q = , ( 5 . 25 b) 

together with their complex conjugates. The gauge choice 

T = 1 , B a = 0 , (5.26) 

that fixes dilatation, U(l)ij and special conformal symmetry, at the component level 
corresponds to setting 


B = 1 , (p a + ( a ) = 0 , b m = 0 . (5.27) 

The first condition fixes the dilatation and U(l)# symmetries. The second condition 
fixes ^-supersymmetry. The last condition fixes the conformal boosts. It is clear 
that only half of the eight spinor components of ( a , £ a p a and p a are used to fix 
S'-supersymmetry while the remainder fit in the non-minimal spinor auxiliary held 

T a \ = \(p a -Q . (5.28) 


5.3 Massive supergravity 

In this section we use the non-minimal formulation to construct a novel consistent 
theory of massive supergravity. 

Consider the action 

1 

B T^CSG T <Sfirst-order , (5.29) 

p 

where S'csg is the conformal supergravity action while Sfi rst - 0 rder is given by 

^first-order = f d 3| S E ($$ £(4>, $) + T $ 4 + f $ 4 ) , (5.30) 

and the dimensionless primary superfield £ is given by 

£ := —4 — 4/i 2 ^^ + 4p, 3 ^ a/ V Q/3 + (po& 3 + pi& 4 + c.c.) . (5.31) 
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The superfields T and F are the complex linear compensators defined in the previ¬ 
ous sections and satisfy the constraint (15.181) and its conjugate, respectively. The 
superfields <f> and $ here are unconstrained complex primaries such that 

0<f> = ^<f> , J<3> = . (5.32) 

The dimensionless primary superfields M, 3% and are functionals of $ and $ 
defined as (compare with (13.191) ) 

* : =-45I^ 2(4>4) ■ V («.W)]T. (5.33) 

An important feature of the action (15.291) is that if we vary it with respect to T 
the Lagrange multiplier term Td* 4 yields the chiral constraint, V a $ = 0. Then (15.291) 
with (I5.3ip reduces to the general type I massive action (j3.52[) (where for simplicity 
we have set k — 1). On the other hand, we can formally integrate out the fields $ and 
$, which upon imposing their equations of motion become functionals of T and F. If 
one then plugs the expressions for <f>(T,F) and $(T,F) into eq. (15.301) . the resulting 
model describes massive supergravity in the Af = 2 non-minimal case. On-shell the 
resulting dynamical system is equivalent to the model described by eq. (13.52[) . 

We have just demonstrated that, by dualizing type I models, massive supergravity 
can be constructed also in the non-minimal case. An open question remains whether 
the models obtained by dualizing the type I models are the most general massive 
supergravity theories one can construct in the non-minimal formulation. We leave 
the investigation of this question for future work. 


6 Af = 3 supergravity with a compensating vector 
multiplet 

The conventional superspace formalism of EH offers the ability to construct the 
most general Af = 3 supergravity models. In this section we focus on Af = 3 su¬ 
pergravity with a nowhere vanishing off-shell vector multiplet and construct various 
supergravity invariants up to and including curvature squared invariants. Further¬ 
more, we will demonstrate how such invariants may be constructed within the super- 
conformal framework. It should also be mentioned that in the context of projective 
superspace the Af = 3 vector multiplet is often referred to as the 0(2 ) multiplet. In 
what follows we use either name interchangeably. 
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6.1 Conventional superspace 

The curved superspace AC 6 is parametrized by real bosonic ( x m ) and real fermionic 
(&i) coordinates z M = ( x m , ), where m — 0,1, 2, fi = 1, 2, and I = 1,2, 3. The su¬ 

perspace geometry |2TJ is described in terms of covariant derivatives of the form 

V A = E A M d M - \^A ab M ab - U> a pq N pq . (6.1) 

Here E A = E A M (z)8m is the inverse supervielbein, Vt A ab is the Lorentz connection 
and Q a pq is the SO(3) connection. The SO(3) generators Njj = —Njj act on the 
spinor covariant derivatives as follows 

[N IJ : V%] = 25 k[i V$ . (6.2) 

The supergravity spinor covariant derivatives obey the following anti-commutation 
relations: 


= 2 ih /J ( 7 c ) Q ^ c - 2ie a ^ SIJ M lS - 4i (S IJ + 5 IJ S)M afi 


+ 


- 4i e aP S K W L - 4 ie af) 6 K W L S + i C afj KL 5 


ij 


4i C a ^^ L 


N, 


KL 


where S IJ and C a p IJ satisfy the symmetry properties 

S IJ = SV J \ S', = 0, C a s IJ = Cj^=C t 


-(a/3) 


IJ 


as well as the Bianchi identities 

(c W JK + 3TJ*' + 

+C afh IJK - 2 C a pV5 K V , 


via 


pi 


V J a S JK = 2 r a I{JK) + Sj J 6 K V - -S a I 5 JK 

3 


The symmetry properties of C a IJK , C af s 1 IJK and C ap-y 1 are 

•j IJK _ p [IJK] _ p 
’'at( 3 r y '-'(a/57) 

while the superfield T a IJK is such that 

T UK _ r [. IJ]K <r q- UK _ q- [IJK] _ f] 

'a 'a ? U JK 'a 'a u 


(6.3) 


(6.4) 


(6.5a) 

(6.5b) 


p IJK _ p [IJK] r UK _ p [IJK] _ p UK r I _ p I ( ap \ 
'-'a ) '-^a /5 7 '-'a/57 ? '-'a /57 '-'(a/57) ? (O.OJ 


(6.7) 


The remaining covariant derivative commutation relations follow from the spinor 
covariant derivative anti-commutator, see [2T] for more details. 
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The superspace geometry describes conformal supergravity because it admits 
super-Weyl transformations of the form [ 6 lj 

V'i = (V r a + V^aM aP + V aJ aN IJ ) , ( 6 . 8 a) 

V' a = e°(v a + \{laY\Vlo)V m + e abc (V b a)M c + ^(V p K a)VfaM a 

+ ^( 7 a) af} e- 3 "lV«,V L p}e 3 ") . ( 6 . 8 b) 

The corresponding transformations of the torsion superfields are 

5' = -\&°(V\V* + 6iiS)e5 CT , (6.9a) 

S" J = je 2 " ( W'V] - -d"V] < V" / : - 4iS"je ’ , (6.9b) 

= 5 (®M - 2iC «/') e ‘’ • (6.9c) 

All supergravity-matter invariants can be made super-Weyl invariant with the use 
of the vector multiplet compensator field strength G 1 , which satisfies the Bianchi 
identity 

V^G J) = U ij V*G k . (6.10) 

One only needs to make use of its magnitude G, 

G 2 ■= G I G 1 , (6.11) 

which transforms homogeneously under super-Weyl transformations, 

G' = e a G . ( 6 . 12 ) 

ft should be mentioned that the abelian vector multiplet is also known as the 0(2) 
multiplet. The reason for this is made evident by making use of the isomorphism 
SO(3) = SU(2)/Z 2 and replacing any SO(3) vector index by a symmetric pair of 
SU(2) spinor indices. For the isovector G 1 , one can instead work with the symmetric 
spinor G defined by 

G 1 := (E%G« , Gij = (Yi^ijG 1 , (6.13) 

where the sigma-matrices are given by 

(Sj)ij := (1, i(Ji, icr 3 ) = (E/)^ . (6.14) 

The 0(2) multiplet can be shown to satisfy the analyticity constraint 

V^G kl) = 0 , (6.15) 
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where T> l J := {Y J j) l]r D I Q . The isospinor representation of isotensors is used in the 
projective superspace formulation [27] . 

General off-shell matter couplings in AT = 3 supergravity were constructed in [27] 
by using projective superspace. Given a supergravity-matter system, its dynamics can 
be described by a Lagrangian £t 2 \v) which is a real weight-two covariant projective 
supermultiplet j 18 l with v l the homogeneous coordinates for CP 1 . We refer the reader 
to |27J for the definition and notations of Af = 3 covariant projective superspace and 
details about the supersymmetric action principle in that context. See also [118] for 
the generalization to the Af = 3 conformal superspace of [28]. 

ft was shown in [18] that in the presence of an Abelian vector multiplet with 
nowhere vanishing gauge invariant held strength G l \ G := yjG^Gij ^ 0, the action 
functional can be rewritten as a BF term for a composite real 0(2) multiplet G lJ . 
In this sense the BF action may be used as a universal action principle for AT = 3. 
We will discuss the BF action in more detail below in the superconformal context. 

6.2 The superconformal setting 

Since our actions can be made to be superconformally invariant it is natural to 
work with a manifestly superconformal framework. In this subsection we introduce 
such a framework and provide the ingredients for the construction of supergravity 
invariants. 

6.2.1 The abelian vector multiplet 

Here we make use of = 3 conformal superspace described in appendix [A[ The 
abelian vector multiplet superfield strength G 1 is a dimension 1 primary, 

D G 1 = G 1 , K a G ] = 0 , (6.16) 

and satisfies the Bianchi identity 

V<yv> = is ,J V«G K . (6.17) 

The superfield G 1 naturally appears in the components of the gauge-invariant held 
strength F = dV, 

F=\e] A Ef FH + Ej A E a F a j + X -E b A E a F ab , (6.18) 

18 In what follows, we suppress explicit z-dependence of Af = 3 superfields. 
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where 


(6.19a) 

(6.19b) 

(6.19c) 


F^ — —2ie o.^ IJK Gk , 

F al = —Srtch 'T'WK.V^G* . 

Using G = s/G T G~ l one can construct dimensionless covariant derivatives that take 
primary superhelds to primary superhelds. The covariant derivatives are 

= G-s (Wi - (V' 9/ In G)M afi - (V aJ In G)N IJ - (V J a In G)d) , (6.20a) 

= ^( 7 a) a/ 3 {^f, %k} + 2 SPMa + ^V a KL N KL , ( 6 . 20 b) 

where we have introduced the dimensionless primary superhelds 

V" := ~( 7 .)“'M'vjl = C uk Kk , ( 6 . 21 a) 

•S' := -Tv^C-i . ( 6 . 21 b) 

6 G 2 

It can be checked that the covariant derivatives annihilate G, $>aG = 0. On primary 
superhelds one can verify that the covariant derivatives (I6.20[) satisfy the algebra 

= 2i5 IJ (Y)ap2> c ~ 2ie a ^ 5IJ M lS - Ai(y IJ + 5 IJ y)M a p 

+ ( - 4i e af ,y K W L - + i V afi KL 6 IJ 

-4i Kp K{I S J)L )N KL , (6.22) 

where we have introduced 

■y’ J ■■= ^(W'V? - iV ; vx.vf)c . (6.23) 

The algebra of covariant derivative of @a can be seen to formally agree with the one 
of SO(3) superspace. It is worth mentioning that in the gauge Ba = 0 the superhelds 
y IJ , y and < ^ q/ 3 7J become 

K, u = | (v'ly - 2iC«/') 1 . (6.24a) 

FF = — + 6i5) X , (6.24b) 

6 G 2 V (jx 2 

= 4^2 - 4i<S /J ) G . (6.24c) 
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Similar to the previous cases the superfields 5 ^ 13 , 5? and ^ ’ a p IJ can be seen to degauge 
to S IJ , S and C a p IJ upon imposing the gauge condition G — 1. 

Instead of working with G 1 , one can also equivalently make use of the prescription 
(16.13j) and introduce G ^ defined such that 

\/^G (2) = 0 « V®G kl) = 0 , G (2 ) (v) := GijvV , V^ 2) := v iVj V‘ 3 , 

(6.25) 

where v l are homogeneous coordinates for CP 4 o In this form the 0(2) multiplet 
can be given the prepotential realisation [27] 

G {2 \v) := GijvW = A( 4) <f J yV ; dV \ 2 V(u) , (6.26) 

/y 2n(v,v) 2 

/ o\ 

where V(v) is the tropical prepotential for the vector multiplet, Vo V = 0, and we 
have introduced the analytic projection operator [27] 

A (4) := |V“ (2) V£ 2) . (6.27) 

Here the prepotential V possesses the gauge transformations 

<5V = A + A, V^ 2) A = 0 , (6.28) 


where the gauge parameter A is an arbitrary weight-0 arctic multiplet and A is its 
smile-conjugate, see [27] for more details. 

A noteworthy and useful composite 0(2) multiplet G*- 2 ' may be constructed using 
the prepotential realisation (16.261) with the prepotential [27] 


V 


/ G (2) \ 

ViTWfd)/ ’ 


(6.29) 


where T (1 ) is a weight-1 arctic multiplet and T^ 1 ) its smile conjugate [27]. The com¬ 
posite G 1 , which was used in the description of (2,1) AdS supergravity [18], can be 
expressed in terms of the composites 5^ 1J and 5? as follows: 


g 1 = A(y IJ + 5 IJ y)Gj , 

= - ^G'VlV^G-i . (6.30) 

It will be a useful ingredient in the construction of supergravity invariants. 


19 Refer to Emm for details on the formalism of projective superspace. 










6.2.2 The BF action 


General off-shell matter couplings in AT = 3 supergravity were constructed in [27] 
and it was shown in [18] that the general action functional there can be rewritten as 
a BF term 

S LM = f d 3|6 ^C ( - 4) £ (2) 

= jf (v, dv) J d 3|f 7 E C ( - 4) V G (2) , d 316 ^ = d 3 x df6 , (6.31) 

where V(u) is the tropical prepotential for the 0(2) multiplet G^ 2 \ while is some 
composite 0(2 ) multiplet. Here the model-independent isotwistor superfield h7 _/ 6(v) 
of weight —4 is required to be conformally primary and of dimension —1. The action 
116.31 jl is invariant under the gauge transformations ( 16.28j) . The action (16.3111 is also 
called the AT = 3 linear multiplet action. The component form of the action (16.3ip is 

m 

Slm = \f d*xe (e abc v a f bc - 2ix'X, ~ ^ /J A lU + g I h I + g T h T 

- \(i a )is^aM 5IJ gj + A SIJ gj + i x 6 g 1 + i x 5 g 1 ) 

+ if abc { r )a) 1 5^b 1 K^c L (^ KL 9 P gp - 2g K g L j) , (6.32) 

where the component fields are defined as follows: 

gi = Gj I , K IJ = 2VL / G j] | , Xa = , in = -iV 7j V 7 jGh| , (6.33a) 

v a = e a m V m \ = V a \ + , (6.33b) 

fab = Fab\- ^('fp[a Kr Tb]^K) + 

= -^e abc ('f) af> e IJK V aI Vp J G K \ - ^e IJK ('ip [aI 'y b \\ JK ) + ^£ IJK 'if a 1 I ^b 1 jgK ■ 

(6.33c) 

The same definitions hold for the component fields of G. 

The component fields of the Weyl multiplet were defined in [28] . The vielbein 
e m a , the gravitino i/jmJ, the SO(3) gauge held V m IJ and the dilatation gauge held b m , 
are dehned as the lowest components of their corresponding superforms, 

e m a ■■= E m a | , Vm? := 2 E m J\ , V m IJ := , b m := B m \ . (6.34) 
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There also exists an additional component field w a which is defined as the component 
projection of the super-Cotton tensor W ai w a = W a \. At the component level, we 
will be mostly interested in the bosonic sector of locally supersymmetric invariants 
and therefore will not be concerned with fermionic fields. 

To fix the dilatations, ^-supersymmetry, special conformal symmetry and SO(3) 
symmetry in our invariants one can make use of the gauge conditions 

G 7 = (0,0,G), G = 1, B a = 0, (6.35) 


which leads to the following conditions at the component level: 

9 1 = (0, 0, g) , g := \fg T g'i = 1 , = K IJ = 0 , b m := B m | = 0 . (6.36) 

The first breaks the SO(3) symmetry, the second breaks dilatations, the third fixes 
S-supersymmetry transformations and the last fixes the special conformal transfor¬ 
mations. Note that the gauge conditions (16.3611 also imply that 

h 1 = (0, 0, h) . (6.37) 


In the gauge (16.361) one can verify the following useful results: 
Og 1 = -Rg 1 + fermion terms , 


□V = R ab R ab g 


1 -A 2 # 7 + ~(D a D a R)g I + fermion terms , 

8 4 


where we have defined 


(6.38a) 

(6.38b) 


Ug 1 := V“V a G 7 | , (6.39a) 

□V := , (6.39b) 


and 

D a = e a m (d m - ~u m bc M bc - V m KL N KL - b m D>) . (6.40) 

The above results will be useful in identifying the curvature terms in the invariants 
at the component level. 


6.3 Supergravity invariants 

In this subsection we construct various supergravity invariants in superspace using 
the composites 5^ 1J and 5?. 
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6.3.1 The supergravity action 

The A f = (2,1) supergravity action with a cosmological term is described by the 


Lagrangian |2? 

£ (2 > = Ug? + a 42, 

Kj 

(6.41) 

where 



£(2) _ C (2) j ( G(2) \ 

(6.42a) 


£(2) = VG (2) . 

^cos v 

(6.42b) 


The component action corresponding to £§q can be constructed by letting G 1 —> G 1 
in the component BF action (16.32(1 . After doing so, one can verify that the component 
field h 1 contains a term proportional to j^g 1 ■ Imposing the gauge condition (16.36[) 
and using the results (16.381) recovers the Einstein-Hilbert term in the action. The 
cosmological term coming from £c 0 s corresponds to a U(l) Chern-Simons term. The 
equations of motion for the supergravity model was given in (18j . 


6.3.2 The Rh n invariants 


An invariant can be constructed using 


c(2) 



(6.43) 


Using integration by parts one can show that the corresponding action can be equiv¬ 
alently constructed from 


£ (2) = VG^ 2) , 


(6.44) 


where we have defined [T8] 


G<? := A^ 4) 


(v, dv) 
27 r(v, v)‘‘ 



(6.45) 


The component action corresponding to £^„ may be obtained by letting G 1 —> G 1 
in the component BF action (16.321) . For n — 1 the action can be seen to vanish since 
upon integrating by parts it coincides with 


£ (2) = G (2) , 


(6.46) 


which may be thought of as a BF action with one of the vector multiplets set to zero. 
For n > 2 it can be shown to contain a term proportional to Rh n upon imposing the 
gauge conditions (16.361) . 


61 
















For the n = 1 case one can use the following independent invariant 



(6.47) 


The component action can be analysed by putting G 1 —> G 1 and G 1 —> G 1 into the 
BF action. A term of the form 



will arise in the component action in the contribution g 1 hi J rg I hi. Upon gauge fixing 


it gives rise to a Rh term. In analogy with the AT = 2 case with a vector multiplet 
we call the invariant a Rh invariant. 

It is also worth mentioning that upon integrating by parts one can show that the 


( 2 ) 

supergravity invariant corresponding to can be described by the Lagrangian 


£( 2 ) = VG { o ] , 


(6.49) 


where 



(6.50) 


6.3.3 Ricci squared invariants 

In the previous subsections it was straightforward to write down the superspace 
Lagrangian £ (2) for various invariants. To construct a Ricci squared invariant we will 
instead adopt a different approach and first construct an invariant in full superspace. 
To construct locally supersymmetric invariants one can use the conventional AT = 3 
locally supersymmetric action 



(6.51) 


where the Lagrangian £ is a dimensionless primary scalar superfield 


(6.52) 


©£ = 0 , K a C = 0 . 


It was shown in p2>] that the above action can be recast in the form (I6.3ip with 



(6.53) 


and 



(6.54) 
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One can consider the general actions of the form 


S = i 


J d ^zEZ(&,9&,@ 2 &,-■■) , 


(6.55) 


where £ is a dimensionless superheld constructed out of the torsion components ST of 
the covariant derivatives @>a- One can in principle construct general higher derivatives 
couplings beyond those of the previous subsections using the action (16.551) . As in the 
previous sections we will focus our attention on actions containing at most curvature 
squared terms and thus search for an invariant containing a Ricci squared term. 

To construct a Ricci squared term we will consider the invariant 



(6.56) 


with 


£ c ,p = ^ IJ G 1 Gj + P y, 


(6.57) 


and £ and p are arbitrary constants. Using eq. (16.53ft and (I6.54j) we can rewrite the 
full superspace action in terms of a BF action with the composite 0(2) multiplet 



(6.58) 


It can be shown that the above composite for ( = 0 or p = 0 leads to a Ricci curva¬ 
ture squared term in the action since the action will contain a term proportional to 
■^g I D 2 g I . Furthermore, one can show that the Ricci curvature squared contributions 
cancel for p = 4£. However, the corresponding invariant does not coincide with a lin¬ 
ear combination of the previous invariants. Thus we expect that by using the action 
corresponding to £ 1.4 one can construct an invariant containing a scalar curvature 
squared contribution independent of the Rh 2 invariant already constructed. 

It should be mentioned that since £ is dimensionless we can let £ = 1 without 
breaking the dilatation symmetry. Upon doing so it is not immediately obvious 
whether the invariant (16.511) gives another non-vanishing invariant, which is a full 
superspace volume. However, it is not difficult to verify that it does indeed vanish. 
To see this we construct the action using the superspace Lagrangian 



G( 2 ) ' 


(6.59) 


One can check that it is proportional to the composite G^, 


C {2) = 2G (2) . 


(6.60) 
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From which it is clear that the full superspace volume must vanish, 

Jd 3l6 zE = 0. (6.61) 

It would be interesting to re-derive our result (16.61 jl using the normal coordinates 
techniques of [65]. Eq. (16.61 jl is actually quite remarkable. The point is that there 
exist only three conformal supergravity theories for which one can define a full su¬ 
perspace volume (without use of any compensator), specifically: 2D Af = (2,2), 3D 
Af = 3 and 4D Af = 2. It is only in these cases that the superspace measure is 
dimensionless, and therefore invariant under the super-Weyl transformations. In the 
2 D Af = (2, 2) case, the corresponding full superspace volume is vanishing, as follows 
from eq. (4.1) in [66]. In the 4D Af = 2 case, the full superspace volume also vanishes, 
as follows from eqs. (3.22) and (3.23) in |65lJ. Eq. (16.6111 tells us that this property 
holds in the remaining case, and is therefore generic. It should be remarked that the 
3D AT = 2 property 

S= I d 3li zEG = 0 (6.62) 

can also be interpreted as the vanishing superspace volume in type II supergravity 
provided one makes use of the covariant derivatives (14.lip , which is analogous to the 
new minimal formulation for 4D Af = 1 supergravity [67] . However, the latter result 
holds in the presence of a conformal compensator and thus corresponds to Poincare 
supergravity. 


7 Concluding comments 

Using the off-shell formulations for 3D AAextended conformal supergravity [271128] 
and the results in [31, [62] T7, [29], EB], in this paper we have developed the geometric 
superspace settings to construct arbitrary higher derivative couplings (including R n 
terms) in supergravity theories with Af < 3. We have concentrated on the explicit 
construction of all supersymmetric invariants with up to and including four deriva¬ 
tives, since these invariants are used in the models for AT = 1 and Af = 2 massive 
supergravity advocated in [19| 20] [22] . 

All four-derivative invariants in A^ = 1 supergravity were constructed in [19] [20] 
using component techniques. However, these papers did not provide tools to generate 
arbitrary higher order invariants. The novelty of our superspace approach is twofold: 
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(i) our construction is geometric; (ii) it allows one to generate supersymmetric invari¬ 
ants of arbitrary order in powers of curvature and its covariant derivatives. 

There are three off-shell formulations for 3D Af = 2 Poincare and AdS supergrav¬ 
ity theories mm- w type I minimal; (ii) type II minimal; and (iii) non-minimal. 
For the minimal Af = 2 supergravity theories, four-derivative invariants were derived 
in 1221 using the component superconformal tensor calculus. In the present paper, 
we have developed an alternative approach which is not only geometric but also pos¬ 
sesses, unlike the one of [22], the following key properties: (i) it allows the generation 
of supersymmetric invariants of arbitrary order in powers of the curvature and its co¬ 
variant derivatives; (ii) it keeps manifest the local superconformal symmetry; and (iii) 
it does not make use of any gauge choice in deriving the curvature squared invariants. 
The important point of our constructions is that they provide a complete description 
of the fourth order invariants for the minimal supergravity theories. In particular, we 
have described the Ricci curvature squared invariant in type I supergravity beyond 
the bosonic level originally given in [22]. For the case of type II supergravity we have 
provided a geometric explanation for the gauge-dependent procedure used in [22] to 
construct the Ricci curvature squared invariant. We have also given a simple geomet¬ 
ric reason for the non-existence of two independent invariants containing Rh 2 terms. 
Finally, we have provided for the first time a geometric setup to construct arbitrary 
higher derivative invariants within non-minimal supergravity. 

Using the supergravity invariants given in the Af = 1 and minimal Af = 2 su¬ 
pergravity cases, we have constructed general supergravity models with curvature- 
squared and lower order terms in order to study models for massive supergravity. In 
these cases we have derived the superfield equations of motion, linearised them about 
maximally supersymmetric backgrounds and obtained restrictions on the parameters 
that have lead to models for massive supergravity. To derive the superfield equations 
of motion, we have worked out in appendices [B] and O the response of all geometric 
objects to an infinitesimal prepotential deformation. For type I supergravity we have 
identified a new massive supergravity model which does not propagate any degrees 
of freedom associated with the component field M about any AdS background sat¬ 
isfying (13.651) . In the the non-minimal formulation for Af = 2 supergravity we have 
constructed for the first time a novel consistent theory of massive supergravity. 

In the case of Af = 3 supergravity we have considered the off-shell formulation 
with a compensating vector multiplet. For this supergravity theory the AdS action 
was given in 123, the off-shell Af = 3 conformal supergravity action was constructed 
in [29] and the model for topologically massive supergravity was studied in [T8] - In the 
present paper we have constructed for the first time new higher derivative invariants 
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with four and less derivatives. The new Af = 3 invariants constructed appear to be 
analogous to the invariants in the type II case in Af = 2 supergravity. However, by 
using the vector multiplet as compensator it does not seem possible to remove one of 
the torsion components S , S IJ or C a IJ by gauge fixing. Thus it appears that more 
invariants are possible in the Af = 3 case. Perhaps the most interesting point raised 
in our Af = 3 analysis is that there appears to exist an independent scalar curvature 
squared invariant in contrast to the the type II case. Our results provide the building 
blocks for the construction of general massive AT = 3 supergravity theories. 

The off-shcll AT = 3 formulation with a compensating vector multiplet corresponds 
to (2,1) AdS supergravity. So far the appropriate compensator for (3, 0) AdS super¬ 
gravity is not known. However, one expects the compensator to be described by a 
Lorentz and SO(3) scalar primary superfield Y, while without loss of generality we 
can take this compensator to be have dimension 1, OH = Y. It is expected that (3, 0) 
AdS superspace is a solution to the equations of motion for Af = 3 supergravity cou¬ 
pled to the compensator. On the other hand one can describe (3, 0) AdS superspace 
by imposing some differential constraints on Y. The appropriate constraints are 20 ! 

V ( V:'V - A ij V k V!!Y , (7.1a) 

= 0 . (7.1b) 

To see this, one just degauges to conventional superspace [28] and imposes the gauge 
condition Y = 1. We find the following constraints on the torsion superfields: 

S IJ = 0 , C a IJ = 0 , (7.2) 

which defines (3,0) AdS superspace [51]. It is also interesting to note that the con¬ 
straints (17.111 implies the equation 

Y~z — 6i fiY? = 0 , n = const , (7.3) 

where /i coincides with S in the gauge Y — 1. There appears to be a striking 

similarity between the constraint 07.1 all and the one defining the AT = 2 off-shcll 

vector multiplet suggesting that perhaps one should treat it as an off-shcll condition 
for the compensator. We thus suggest that the constraint 07.tail defines an off-shcll 

20 In the isospinor notation, the constraint (I7.1al) can be written in the compact form V“1 ,J Va = 
0. The constraint (17. lbl) implies the vanishing of the super-Cotton tensor. In the super-Poincare 
case, the constraint (I7.1al) describes one of the two AT = 3 multiplets obtained by reducing the 
AT = 4 supercurrent to Af = 3 Minkowski superspace [55], with the second multiplet being the 
Af = 3 supercurrent. 
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multiplet while (17. lbjl is an on-shell condition derived from an appropriate action 
which is currently unknown. 


In this paper we have restricted our attention to supergravity with Af < 3. Keep¬ 
ing in mind certain similarities between the general Af = 3 and AT = 4 supergravity- 
matter systems, see [27j for more details, it is natural to expect that techniques 
analogous to those used for the Af = 3 case can be applied to the Af = 4 case in order 
to construct higher derivative couplings. 

In conclusion, we give a bi-product of our analysis and present superfield equations 
for massive higher spin multiplets in (1,0), (1,1) and (2,0) anti-de Sitter superspaces. 
A massive higher spin multiplet in Af — l AdS superspace, eq. (12.601) , is described 


by a real symmetric rank-n spinor, T ai ... an = T( ai ... an ), constrained by 

= 0 , (7.4a) 

(±D 2 + m)T ai ... an = 0, (7.4b) 

with m a real mass parameter. It can be shown that 

(^D 2 ) 2 T Ql ... a „ = (v a v a - i(n + 2)SV 2 - n(n + 2)S 2 ^T Ql ... an , (7.5) 

where the second term on the right can be rewritten as follows: 

-V 2 T ai ... an = —T>[ ai ^T a2 ... an )^ — (n + 2)ST ai ... an . (7.6) 


A massive higher spin multiplet in (1,1) AdS superspace, which corresponds to 
the algebra (j3.62j) with C a p = 0, is described by a real symmetric ra nk -n spinor, 
T ai ...an = T{ ai -a n ) constrained by 

)P ,3 r ai ... Qri _ 1( 3 = V l3 T ai ... ari _^ = 0 , (7.7a) 

(7.7b) 

It can be shown that 

(ADAD 7 ) 2 T ai ... Qn = (v a V a + 2{n + 2)\n\ 2 )T ai ... an . (7.8) 

In the case of (2,0) AdS superspace, which corresponds to the algebra (14.55ft with 
C a = 0, massive higher spin multiplets are also described by the equations (17.7ft . 
However, the identity (17.8(1 turns into 

(^AD 7 ) 2 T Q ,.. an = ( V a V a + (n + 2)kST>AD 7 - n(n + 2)5 2 )r Q1 ... an , (7.9) 
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where the second term on the right can be rewritten as follows: 


-V J V^T ai ... ari 


'D(a 1 ' y T a2 ... olri ' ) r Y + in + 2 )ST ai ... a , 


(7.10) 
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A Geometry of conformal superspace 

Here we collect the essential details of the A/”-extended superspace geometry de¬ 
veloped in [28J for the cases J\f = 1, 2, 3. 

We begin with a curved three-dimensional A/"-extended superspace A4 3 I 2A/ " parametrized 
by local bosonic ( x m ) and fermionic coordinates ( 9j ): 

z M = ( x m ,e ^), (A.i) 

where m = 0,1,2, /x = 1,2 and I = 1, • • • , AT. The structure group is chosen to be 
OSp(A/j4, M) and the covariant derivatives have the form 

V A = E A M d M -u A k X b _ = E A M dM~n A ab M ab ~$ A PQ Np Q -B A B-$ A B K B . (A.2) 

Here E A = E A M (z)8m is the inverse supervielbein, M ab are the Lorentz genera¬ 
tors, Njj are generators of the SO (AT) group, ID) is the dilatation generator and 
K A = (K a ,Sa) are the special superconformal generators@ The supervielbein E A = 
d z m E m a is defined such that 


7-1 Arp N 

cN 771 M rp B jrB 

- Om ) -04 &M ~ 0 A . 

(A.3) 

The Lorentz generators obey 



[Mab, M cd \ 

^Vc[aMb\d 2Vd[aMb] c , 

(A.4a) 


21 As usual, we refer to I\ a as the special conformal generator and S £ as the 5-supersymmetry 
generator. 



[M ab ,V c ] = 2r) c [aVb] , [M a p, V^] = £ 7 ( a V^ } . (A.4b) 

The SO (A f) and dilatation generators obey 

[N K l, N ij } = 25 [ k N l] j - 26{ k N l] i , [N KL , Vi] = 25f A -V aL] , (A.5a) 

[D, V„] = V a , [D, V^] = Vi . (A.5b) 

The special conformal generators K A transform under Lorentz and SO (A/") transfor¬ 
mations as 

[ M ab , K c ] = 2 Vc[a K b] , [M^, S\] = e^aSh , [N KL , Si] = 25( K S aL] , (A.6) 


while under dilatations as 

[D, K a ] - -K a , [B, S'] =-|S' . (A.7) 

Among themselves, the generators Ka obey the algebra 

{S',S/} = 2M"( 7 “)^A- c . (A.8) 

Finally, the algebra of Ka with V A is given by 

[K a , V b ] = 2r/ a bD + 2 M ab , (A.9a) 

[^«»Vi]=-i( 7a ) a ^, (A.9b) 

K,V a ] = i(7a)/Vi, (A.9c) 

{Si, Vfi = 2£ a p6 IJ B - 2 5 IJ M a p - 2e a pN IJ . (A.9d) 

All other (anti-)commutators vanish. 


The covariant derivatives obey the (anti-)commutation relations of the form 

[Vu, V s } = -T ab c V c - l -R{M) AB cd M cd - l -R(N) AB p QN PQ 

- i2(D) AB B - R{S) ab IS* - R(K) ab c K c , (A.10) 

where T is the torsion, and R(M ), R(N), i?(D), R{K) are the curvatures. 

The covariant derivatives transform under the conformal supergravity gauge group 
as follows 

SgV A = [1C, V A ] , (A.11) 

where 1C denotes the first-order differential operator 

1C = + ^A ab M ab + l -K IJ N U + aO + A A K A . (A.12) 
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Covariant (or tensor) superfields transform as 


5 g T = KT . (A.13) 

The algebra of covariant derivatives are constrained entirely in terms of a single 
primary superfield, the super-Cotton tensor. It is used in the construction of the com¬ 
ponent fields of the 3D Weyl multiplet [29]. The super-Cotton tensor takes different 
forms for the A f — 1, 2, 3 cases. We summarise these cases below. 

A.l The M = 1 case 

The J\f = 1 super-Cotton tensor W a01 is a symmetric primary superfield of 


dimension-5/2 

S s w a) 3 7 = 0 , D W Q01 = ^ W aPl . (A.14) 

The algebra of covariant derivatives is given by 

{V a , V^} = 2iV aj9 , (A. 15a) 

[V a , V a ] = ^( 7 a )JWp lS K^ , (A.15b) 

[V a , V 6 ] = - l -£ abc {lT^aW M5 I0 5 - , (A.15c) 

o 4 

The Bianchi identities imply an additional constraint on W a ^, 

V a W a01 = 0 . (A. 16) 


A.2 The M = 2 case 

Here we make use of the complex basis for the AT = 2 covariant derivatives = 
(V a , V a , V tt ), see [28] for more details. The complex spinor covariant derivatives have 
definite U(l) charges: 

[J,V a ]=V Q , [J,V a ] = -V a , (A. 17) 

with the U(l) generator defined by 

J := - '-£ KL N K l ■ (A. 18) 

The SO(2) connection and curvature take the form 

\*a kl N kl = i$ A J , \r{N)ab KL N kl = i R(J) ab J . (A.19) 


70 


The conjugation rule in the complex basis is 

(V q F)* = (-1) £(f >V q F , (A.20) 

where F is a complex superfield and F = (F)* is its complex conjugate. 

The super-Cotton tensor W a p is a symmetric primary superfield of dimension 2 

SjWap = 0 , DW aJ 3 = 2W a p . (A.21) 

As in the J\f = 1 case, its spinor divergence vanishes, 

V a W a p = 0 . (A.22) 

In the complex basis (V a , V a ), the covariant derivative algebra takes the form 

{V Q ,V^} = 0, (A.23a) 

{V Q ,V^} = —2i V a p — £ a pW^K lS , (A.23b) 

[Va, V /3 ] = ^(7a) / 3 7 V 7 W Q<5 AA (5 - (7 a)p-yW^ S Ss , (A.23c) 

[Va, V 6 ] = -^ abc (7 c ) 75 (i[V 7 , V s ]W a pK a 0 + 4V 7 W^ + 4 V^WspS? (A.23d) 

. (A.23e) 

Here the generators M abl J, D, S a , S a , K a and the covariant derivatives Va satisfy the 
following algebraic relations 

[M a p,V y \ = £ 7 ( a V p) , [D, V a ] = -V a , (A.24a) 

{S a , Sp} = 0 , {S a , Sp} = 2i K a p , (A.24b) 

[S a ,K b ] = 0, (A.24c) 

[M a p, S 7 ] = e 7( a5' i9) , [J, 5 a ] = -5 a , [D, S a ] = ~S a , (A.24d) 

[AT a , Va] = -i( 7 a)/^ , [5 a , V a ] = -i^a)/^ , (A.24e) 

{S a , Wp} = 0 , {S a , V^} = 2 £ a p® - 2 M a p - 2 e a pj , (A.24f) 

together with their complex conjugates. 

A.3 The M = 3 case 

The J\f = 3 super-Cotton tensor W a is a primary superfield of dimension 3/2 with 
vanishing spinor divergence, 

A 7 WA = 0, DHA = ^WA, V q/ WA = 0. (A.25) 
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The algebra of covariant derivatives is 


{V^, V^} = 2i 5 IJ y aP - 2 e af) £ IJL W^S lL + ie a ^y S £ IJK (\/^ K W 5 )K c , 
[V a , V^] = ie JKL { la ) Pl W^N KL + is JKL ( la )^(VlW 5 )S 5L 

+ \e JKL (la) Pl {l c )5 P {Vl^ s L W^K c , 

[Va, V 6 ] = £abch c U [ - \e IJK (y a iWP)N JK - ^£ IJK (\/^jW^)S iK 

+ y/ JK ^ d U(^yiw 5 )K d 


(A.26a) 
(A.26b) 


(A.26c) 


B Results for TV" — 1 prepotential deformation 

In order to compute the equations of motion corresponding to the supergravity 
action (I2.52p . it is necessary to know how the functionals listed in subsection 12.31 
depend on the unconstrained prepotential for Af = 1 conformal supergravity, which is 
a real symmetric rank-3 spinor in accordance with the prepotential formulation 
for 3D Af = 1 supergravity sketched in [25] , Here we will build on the ideas put 
forward in the classic papers by Grisaru and Siegel [69] devoted to the background field 
method in 4D Af = 1 supergravity (see [H] for a pedagogical review and applications). 

In Af = 1 conformal supergravity, the gauge group consists of (i) the super-Weyl 
transformations (12.71) : and (ii) the superspace general coordinate and local Lorentz 
transformations, which have the infinitesimal form 

SkPa = [1C, V A ], JC = t B (z)V B + X -K bc (z)M bc , (B.l) 

with the gauge parameters and K bc obeying natural reality conditions but other¬ 
wise arbitrary. 

Let be some other set of covariant derivatives which differ from T> A by finite 
deformations but satisfy the same (anti-)commutation relations (12.4p as the covariant 
derivatives T>a■ We can represent 

O a = E A B V B - Ul A bc M bc , (B.2) 

for some tensor superfields E A B and ft A bc . In such a setting, the gauge transfor¬ 
mations (12.7p and (IB.IK can be realised in two different incarnations: (i) as “back¬ 
ground” transformations; and (ii) as “quantum” transformations [69]. The latter 
gauge freedom associated with super-Weyl (cr), coordinate (T) an d local Lorentz 
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(B.3) 


(. K bc ) parameters may be used to bring the operator O a to the form: 

= T^a + id'o^X? 7 ' 5 — 7 5 , v b a/ 3 7 = T(«:3 7 ) . 

The deformed connection fl a lS may be determined as a function of the prepotential 
T Q/ 3 7 by requiring the spinor derivatives D a to satisfy the same algebra as that of 
conventional superspace (12.41) . Specifically, we require 


{©cnBg} — 2i © a/ 3 — 4i SM a/ 3 , (B.4a) 

\P a p, B 7 ] = —2e 7 ( a SD J g) + 2e yia C p)Sp M s P 

+ 2 {'D'y^’Ma/3 — 4X?( a SM^) 7 ) , (B.4b) 

where we dehne the deformed vector derivative by 

©a = ^( 7 «)“^{Oa, + 2SM a . (B.5) 

The above torsion superhelds C a and § are some functions of the prepotential T Qj g 7 
and its covariant derivatives. 


Requiring the algebra (IB.41) fixes as a function of T Q( g 7 and its covariant 

derivatives. The deformed spinor covariant derivative is 


B a = V a + iT Q7(5 X? 75 - ip 2 T a/?7 M^ - 

“I V^V^Msa + |SVafrMfr + (9(T 2 ) . (B.6) 

Here we have omitted all the terms of second and higher order in for these 

terms are not necessary for our goals in the present paper. All the results below also 
hold modulo terms quadratic in 4/ a/ g 7 , but we do not write explicitly (9(T 2 ). Since 
O a has been determined, requiring the (anti-)commutation relations (IB.41) fixes the 
torsion superhelds as follows: 

§ = 5 - ^ (v {o V M) + 2C a ^ T q/?7 , (B.7a) 

C q/ 3 7 = C a g 7 + -T > (a <5 T )2 T / 3 7 ) 5 + 7 ) Sp — -SV 2 ^> a/3l 

- -(T > ' 5 ‘5)P(, 5 4/ a/37 ) + -C( Q/3 p P T T 7 ) pr 

+i(C(«S)© T <+ \(v^syV Mp - . (B.7b) 

Finally, the deformed vector covariant derivative is given by 

+ 2 5p(oT^p) P 
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+ 

+ 


— — -V p 5 ^>pSiaSp)'! + -jS^a^ V 1 

— -‘D( a P ‘Df 3 '$l 1 Sp) + -^ > {a/3 / ^ ,T ^ , 'yS)r + -V^ pa )£/3S + ^(r ^'■yp/3)£ a 6 ) 

— Y^£ 7 (a^)5'P PC ^ )r 'I'pre + g )pr ~ D £ S)( a T> T ^/3)pn 

(-'(a/3 ^ 7 <5)t “1“ ~C P (a^’/3)( 7 ^ f <5)pr 2^^ h , ^'b( Q ^(hP r g^ 7 (a^9)5^'^ ^pre 

4 ,_ _ x _ 2 


- -('P P 5)'I' /:)7 ( a e / 3) ( s 


M 7<s . 


(B.8) 


For the derivation of the above results and the relations (12.54cl) . a number of 


identities prove to be useful. The most important identities are: 

8i 

^ 2 C Q( a 7 = 2\'D( a s C/3 1 ')s + ~^T^(apT^^)S + 10n SC a/ sj , (B.9a) 

V^C aM = —VapV^S - 4 SV a S , (B.9b) 

V a V 2 = -2YD af) V 0 + 2i SV a + 4iSV 0 M a p + 2i C apT M pT 

+^(V s S)M aS , (B.9c) 

'D(a 6 'Dp p Cy)s p = V a V a C a p 1 — -V/ a8 V^ j V s S + 2i C a p 1 V 2 S — 6 {V^S)V^S 

— AS'D/ a fjD^S + 3Ks p (a/3(-''Y)^ p + 10iS 2 C Q( g 7 , (B.9d) 


P 2 ]C/3 7 )p = 12iC p ( ai aI? p 7 )5- —(V 6 S)K a p l5 + —(V^ a S)V^-)S 

+ 2 (^"‘5)C a( g 7 , (B.9e) 

^ afct (7c)(a / 9[^ > a, T , fc]T> 7 )5 = — iC a p 1 V 2 S — 2 C( a p p V^) p S + -(V^ a S)V^S 

-2K aPl& V 5 S , (B.9f) 

£ abc ( 7c ) (Q 5 [D a ,P 6 ]^ 7)5 = 6 KspwC^ - Uv 5 S)K aM5 - ^(V {a S)Vp y) S 

o y 

~^(a/3 S, ^j)s<S H— —('D~S)C a p 1 + 20 S 2 C aPl , (B.9g) 

where we have denoted K aPl $ '■= i T>( a C Pl s). 

In the gauge (IB .31) . there remains some residual gauge freedom. It is described by 
certain transformations of the form 

<®U := [1C, B a ] + <5,0^ , /C = e^b + fD Q + l -K bc M bc , (B.10) 

where 8 pH) a denotes an infinitesimal super-Weyl transformation parametrised by a , 
which is obtained from eq. (12.7p by replacing T> A —> O^. In order to preserve 
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the condition (lB.3|h it may be shown that the parameters K bc and a should be 
functions of £ a and its covariant derivatives, with £ a being real unconstrained. Modulo 
T-dependent terms, the parameters £“, K bc and a have the explicit form 


£« = , (B.lla) 

K a p = 2D {a ^ ) -2S^ <x p, (B.llb) 

a = V a C . (B.llc) 

The gauge transformation of the prepotential is 

7) + C , ('h) . (B.12) 


Let S = S[Da,<p] be a supergravity action such as (12.521) . with <p being the com¬ 
pensator. The action has to be invariant under the supergravity gauge transforma¬ 
tions (12.7(1 and (IB.ID . Assuming that the compensator obeys its equation of motion, 
5S/5cp = 0, we consider the variation of the action induced by an infinitesimal defor¬ 
mation of the gravitational superfield \k a( g 7 , 

SS[V A ,tp] = i J d 3|2 z£<5T“^T a/37 , (B.13) 

for some superfield T a/ g 7 . This variation must vanish if hT a/37 is the gauge transfor¬ 
mation (1B.12D . Since the gauge parameter £ ; g 7 in (IB. 12(1 is an arbitrary superfield, we 
conclude that 


ITT q/37 = 0 . (B.14) 

C Results for J\f = 2 prepotential deformation 

The prepotential formulation for J\f = 2 conformal supergravity was given in [|62J 
as a generalisation of the prepotential solution in 4D Af = 1 supergravity |70j. Modulo 
purely gauge degrees of freedom, the 3D Af = 2 Weyl multiplet is described by a real 
vector superfield H a . In order to derive the equations of motion for the supergravity 
actions (13.52(1 and (14.45(1 . we have to know the dependence of these actions on H a . 
The necessary technical tools are given in this appendix. 

In = 2 conformal supergravity, the gauge group consists of (i) the super-Weyl 
transformations (13.511 : and (ii) the superspace general coordinate and local Lorentz 
and U(1 )h transformations, which have the infinitesimal form 

Sk,V a = [/C, V A \ , /C = ti B (z)V B + l -K bc {z)M bc + i r(z)J , (C.l) 


75 




















where the gauge parameters f B , K bc and r obey natural reality conditions but are 
otherwise arbitrary. 


Let 0^4 be some other set of covariant derivatives which differ from T>a by finite 
deformations but satisfy the same (anti-)commutation relations (13.3ft as the covari¬ 
ant derivatives Da- By analogy with background-quantum splitting in 4D Af = 1 
supergravity [691 4Tj . the operators O a and D Q may be represented in the form 



TV a - i AD a bc M bc - iA<f> Q J 
TV a - ^A Cl a bc M bc - iA<L Q J 



(C.2a) 

(C.2b) 


for some complex first-order operator W of the form 

W = W b V b - ^2 V bc M bc - i2UJ . (C.2c) 

The introduction of representation (1C.21) is accompanied by the appearance of a new 
gauge invariance that acts on W and TV by 


e w ' = e w e- A 


W W —A 
e = e e 


A = A b V b + -A bc M bc + iA J . (C.3) 


This transformation should be accompanied by certain transformations of J 7 , AQ a bc , 
A<L q and their conjugates such that D Q and D a remain unchanged, which leads to 
some restrictions on the superfield parameters in A. In such a setting, the supergravity 
gauge transformations (13. 5 j) and (1C.II) can be realised in two different incarnations: 
(i) as “background” transformations; and (ii) as “quantum” transformations. The 
quantum gauge transformations and the A-transformations (1C.3D may be used to 
choose a quantum chiral representation in which the operators D a and B Q take the 
form: 


©q, — TA a + • • • , (C.4a) 

D« = e~ 2iH (AfJVp + ■■■ )e 2iH , detAf = 1 , AfJ\f = 1 2 , (C.4b) 

where we have introduced the 2x2 matrix A f = (A f a P), its complex conjugate A f, as 
well as the differential operator 

H = H a V a , H a = H a . (C.5) 

The ellipses in (1C.4D denote all terms with the Lorentz and U(1 )r generators. The 
above steps are analogous to the background-quantum splitting in 4D Af = 1 super¬ 
gravity [69] described in detail in [31]. The novel feature of the 3D Af = 2 case is the 
appearance of the matrix Af, its origin is explained in [63]. 


76 

















All the building blocks in (1C.41) . as well as the torsion tensors for can be 
expressed in terms of the gravitational superfield H a by requiring these covariant 
derivatives to obey the (anti-)commutation relations for the conventional snperspace. 
In this paper we are only interested in explicit expressions for these objects at first- 
order in H a . In this approximation the covariant derivatives flC.4|) are 


Da = V a 


Da = V a 


iV a H l5 V^ 8 + Njv g + 277i/ a 7 £> - if2 Q 7<s M 


- i, 


7< 5 - i ® a J , (C.6a) 
(C.6b) 


where N.J 1 is traceless and is related to AC J 3 as follows: 


MJ - Nj = 5* + + H^C ai + 2i HjS . (C.7) 

All the superfields N a P, SIq, 75 , &a lS , and may be expressed in term of //" 
and its covariant derivatives. These are fixed by requiring the following algebra to be 
satisfied: 


{©q,%} = — 4 RM a/ 3 , {D q ,D^} = 4 RM a p , (C. 8 a) 

{KDq,, D/ 3 } = — 2 iO a/ 3 — 2Cq,/ 3 J — 4i£ Q , ( gS l / + 4i§Af Q , i g — 2 £ Q , j gC 7 ^AT ) , ( 5 . (C. 8 b) 

Here we have defined the deformed vector derivative by 

Da = -^( 7 a) a/ 3 {D (Q ,%)} + iC a J + 2 S M a . (C.9) 

It should be noted that in the chiral representation the torsion superfields C a and § 
are no longer real; instead they obey some modified reality conditions. Similarly, R 
is no longer conjugate to R. Direct calculations lead to the following expressions: 


Nj = , (C.lOa) 

— 4 (V a H(p 6 )C 1 )s + AiSUaHp^ + 2D a Np^ — 4ie a (^$ 7 ) , (C.lOb) 
^a ,/37 4i ? (C.lOc) 

$a = ^D a V 0 WH 01 + i(V a C^)H^ + 4(2 ^S)H afj , (C.lOd) 

<t> Q = -V a V & V^H^ . (C.lOe) 

The deformed torsion superfields are 

R = K + ^t> Q $ a , (C.lla) 

K = n + l -C a ^V a H^ + j(VpS)V a H a P - l{V ct K)V fi H'# 
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(C.llb) 


+2 KC af) H a p + X -V a <f> a , 

1 1 * 

§ = ^ - ~C a ^V a H Pl - —(8 V a S - iD a U)VpH^ - l -N^C a p 

+ l V a ® a - l -V a ® a , (C.llc) 

o o 

1 i. i 

C Qi a = C a/ 3 — -V 'V^Nap — 2\SN a p — 2H a pTZTZ + -T>^ a ^p) + -T>( a &py — N( a s Cp)s 

- l -(V,H^)C a p 5 + l -(TTH\ a )Cp hs + ^(5hP 7 77 - 4 V^S)V {a Hp h 
+^(i V {a n + 4 V {a S)V^Hp h - ^(iX> 7 77 + 4 WS)V y H a p . (C.lld) 

In conclusion, a few comments are in order regarding the chiral representation 
used above. In order to switch from the original real to the chiral representation, 
every scalar superfield T has to be transformed to 

T = e ~ iHaVa T . (C.12) 

This tells us that 5T = —i H a V a T = T — T + 0(H 2 ) is the complete variation in the 
case that T is unconstrained. For instance, the prepotential V for the J\f = 2 linear 
multiplet varies as 

5V = -i H a V a V . (C.13) 

However constrained superfields transform in a more complicated fashion since their 
constraints must be preserved under shifts in the prepotential. For instance, for a 
covariantly chiral superfield T of U(l)^ charge — \ and its conjugate T we obtain 

S’® = ~^([V a ,f>^]H a p - 4i V a H a ) , (C.14a) 

to 

6* = ^y([V a ,VP]H a p + 4iV a H a )-2iH a V a V . (C.14b) 

to 

Similarly, it can be shown that the AT = 2 linear superfield varies as 

5G = ^(P“D q FT 75 )[P 7 ,^]V - ^H^V a V a V l6 V ~ X -{V a H^)V a V^V 

+ \(p a H^)V a V l5 V - 2i {V a H^)HV^ - 2i [V a H ai )TZV^V 

-2i H af} {V a 1i)VpV , (C.15) 

which can be rewritten in the following form: 
hG = -iH a V a G + 

O 

+H^(2C {a ^Vp h - i(D (a 7 l)V p) - i {V {a n)Vp^V 
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+1(P7 H aP) (v a ^ r + i C ja V^V - l -{WH a P) (v^v, - i C ia Dp)v 
+(V a H^) (\Cp 5 V 5 + SVp - i RD P )V 

+(V*H afi ) (\Cp 5 V 8 - SV P - i RDp^V . (C.16) 
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